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ABSTRACT 


A  theoretical  analysis  of  high-frequency  radio-wave  scattering  from 
the  sea  establishes  relationships  between  the  doppler  continuum  cf  ob¬ 
served  radar  echoes  and  the  heights  and  propagation  directions  of  ocean- 
surface  waves.  This  provides  new  techniques  for  the  remote  sensing  of 
sea-surface  conditions  by  either  monostatic  or  bistatic  radars. 

Integral  expressions  for  the  incremental  surface  radar  cross  section 
per  unit  frequency  are  derived,  assuming  a  slightly  rough  time-varying 
random  surface  for  the  sea.  These  expressions  are  a  function  of  surface- 
height  directional  spectra  and  contain  electromagnetic  and  hydrodynamic 
effects  to  second  order.  First-order  terms  confirm  that  Bragg  scatter¬ 
ing  from  wave  trains  of  a  single  frequency  and  direction  is  responsible 
for  the  discrete  lines  in  observed  doppler  spectra ;  the  second-order 
terms,  which  provide  a  continuum,  are  interpreted  physically  by  a  double 
Bragg-scattering  process  that  involves  an  intermediate-scattered  radio 
wave  that  may  be  either  freely  propagating  or  evanescent.  A  coordinate 
transformation  provides  paths  of  integration  that  can  ba  related  to  spe¬ 
cific  features  in  observed  doppler  spectra  and  also  results  in  a  numeri¬ 
cally  efficient  method  for  the  evaluation  of  the  second-order  radar  cross 
sections . 

Doppler  spectra  calculated  from  model  ocean  wave-height  directional 


spectra  agree  generally  in  shape ,  power  content ,  and  occurrence  of  swell 


II  with  data  from  radar  and  oceanographic  measurements .  It  is  concluded 

that  second -order  effects  and  double  Bragg  scattering  are  responsible 
|  •  for  most  of  the  features  in  the  continuum  of  doppler  spectra  of  radar 

?.  echoes  from  the  sea.  Parameters  for  estimating  wind  speed  and  direc- 

I  | 

I  f  tion,  based  on  the  variations  of  radar  cross  section  with  these  condi- 
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Chapter  I 


INTRODUCTION 


In  the  mid-1950*s,  Crombie  (1955)  presented  evidence  indicating 
that  radio  waves  reflected  from  the  sea  obey  a  Bragg-scattering  law  in 
wfoich  the  ocean  waves  act  as  a  diffraction  grating.  He  argued  that  the 
sharp  spectral  lines  observed  in  such  radar  echoes  occur  at  precisely 
the  doppler-shifted  frequencies  expected  of  signals  scattered  by  ocean 
waves  vdiose  length  is  one-half  the  radio  wavelength.  The  classical 
deep-water  dispersion  relationship  where  wave  speed  is  proportional  to 
the  square  root  of  the  ocean  wavelength  explains  the  doppler  shift.  Be¬ 
cause  of  the  correspondence  between  ocean  wavelength  and  observed  dop¬ 
pler  shift,  Crombie  suggested  that  ocean  wave-height  spectra  could  be 
studied  by  radar.  Prom  an  experiment  conducted  at  Wake  Island,  Teague 
et  al  (1973)  determined  the  directional  wave-height  spectrum  of  7  sec 
ocean  waves  by  just  such  measurements  of  the  discrete  lines  in  the  re- 
turned-signal  doppler  spectrum. 

In  addition  to  the  sharp  Bragg  lines,  the  echo  spectrum  from  ocean 
surfaces  contains  a  continuum  or  sideband  structure  (Fig.  1)  that  cannot 
be  explained  by  the  simple  Bragg  theory  originally  proposed.  Hasselmann 


Fig.  1.  BACKSCATTERED  POWER  VS  DOPPLER  SHIFT.  Recorded  at  Wake 
Island  in  November  1972,  this  plot  is  typical  of  observed  sea 
echo.  The  Bragg-line  frequency  is  fg  =  0.14  Hz;  transmitter 
frequency  is  fQ. 
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(1971)  suggested  that  higher  order  wave -Wave  interactions,  which  can 
also  produce  surface  periodicities  of  one-half  the  radar  wavelength, 
are  responsible  for  the  continuum;  however,  his  analysis  indicates  the 
presence  of  symmetrical  sidebands  about  the  first-order  Bragg  lines 
which  is  a  contradiction  to  the  observations  presented  in  Fig.  1.  In 
a  more  detailed  analysis  of  the  scattering  problem,  based  on  Rice's 
(1951)  perturbation  method,  Barrick  (1972)  obtained  an  expression  for 
the  echo  power  spectrum  (actually  an  expression  for  radar  cross  section 
per  unit  area  per  unit  frequency)  that  produces  a  sideband  structure 
more  in  accord  with  observations.  An  approach  similar  to  Barrick's 
provides  the  starting  point  for  the  research  presented  here. 


A.  Motivation 

Measurements  at  a  single  radio  frequency  [Tyler  et  al,  1973,  1974] 
have  indicated  that  radar  techniques  can  provide  an  order  of  magnitude 
improvement  over  conventional  oceanographic  methods  in  the  determination 
of  the  directional  distribution  of  ocean  wave-height  spectra;  however, 
such  techniques  have  utilized  only  the  discrete  Bragg  lines  to  obtain 
this  information.  Because  these  lines  represent  radio-wave  scattering 
from  a  single  ocean-surface  spectral  component,  multiple  radio  frequen¬ 
cies  would  be  required  to  obtain  data  concerning  additional  components . 
The  possibility  of  using  the  echo-spectrum  continuum  from  a  single  radar 
frequency  to  determine  a  complete  directional  wave-height  spectrum  pro¬ 
vides  much  of  the  stimulus  for  this  research.  In  some  applications, 
single-frequency  coverage  is  a  necessity.  For  example,  remote  sensing 
of  ocean  surfaces  with  high-frequency  radio  waves  that  propagate  via  the 
ionosphere  is  practical  at  only  a  few  select  radio  frequencies  that  de¬ 
pend  on  the  time  of  observation  and  the  particular  area  of  ocean  surface 
to  be  covered.  Additionally,  at  these  high  frequencies,  the  ocean  waves 
producing  the  Bragg  lines  are  often  not  indicative  of  the  speed  of  the 
wind  driving  them  (Appendix  B)  and ,  if  remote  tracking  of  wind  velocity 
is  of  interest,  the  sidebands,  which  are  a  function  of  the  entire  wave- 
height  spectrum  (Chapter  IV),  become  important. 
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The  purpose  of  this  research  is  to  develop  a  theory  to  describe  and 
predi:t  doppler  or  echo  spectra  (with  emphasis  on  the  continuum)  and  to 
relate  these  spectra  to  the  dynamics  of  the  scattering  surface.  This 
would  provide  the  means  to  eventually  obtain  directional  wave-height 
spectra  from  the  complete  radar  echo. 


B.  Organization  , 

The  electromagnetic  theory  for  scattering  from  the  perfectly  con¬ 
ducting  slightly  rough  surfaces  proposed  by  Rice  (1951)  is  developed  in 

l 

Chapter  II.  The  scattered  fields  derived  from  Rice’s  perturbation  so¬ 
lution  to  Maxwell’s  equations  are  applied  to  the  Stratton-Chu  integral 
[Stratton,  1941]  to  obtain  second-order  integral  expressions,  in  terms 
of  a  surface-roughness  spectrum  for  per  unit  area  (or  incremental)  radar 
cross  section  per  unit  frequency.  The  impact  of  finitely  conducting  sur¬ 
faces  on  radar  cross  section  is  also  considered.  Chapter  III  presents 
the  hydrodynamic  theory  necessary  to  obtain  a  relationship  for  the  sec¬ 
ond-order  wave-height  spectrum  in  terms  of  first-order  spectra.  Because 
of  the  nonlinearities  in  the  ocean-surface  boundary  condition,  perturba¬ 
tion  techniques  must  again  be  employed,  this  time  in  the  form  of  Tick’s 
method  [Kinsman,  1965].  Some  of  the  proposed  first-order  wave-height 
spectral  models  are  examined  in  preparation  for  the  numerical  evaluation 
of  the  Integral  expressions  for  radar  cross  section.  A  model  for  swell, 
which  is  expected  to  account  for  some  of  the  unexplained  features  in  ob¬ 
served  radar  spectra,  is  also  developed.  Attention  has  been  restricted 
to  deep-water  ocean  waves  in  which  the  effects  of  the  ocean  bottom  and 
shorelines  have  been  neglected.  Chapters  II  and  III  contain  basic  der¬ 
ivations  to  accommodate  the  readers  who  are  unfamiliar  with  either  radar 
or  oceanographic  disciplines. 

In  Chapter  IV,  the  scattering  theory  developed  in  Chapter  II  is  com¬ 
bined  with  the  hydrodynamic  theory  from  Chapter  III  to  produce  second- 
order  integral  expressions  for  the  incremental  radar  cross  section  per 
unit  frequency  for  ocean  surfaces.  These  expressions  are  interpreted  in 
terms  of  a  double  Bragg-scattering  process ,  and  a  transformation  of  co¬ 
ordinates  leads  to  a  numerically  efficient  method  of  evaluation. 
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Calculations  of  radar  cross  section  for  several  of  the  first-order 
wave-height  spectral  models  have  also  been  included.  Chapter  V  presents 
comparisons  between  predicted  and  measured  radar  doppler  spectra,  and 
Chapter  VI  provides  a  summary  with  recommendations  for  future  research. 
Appendixes  A  and  B  are  computational  asides ,  and  Appendix  C  is  a  collec¬ 
tion  of  theoretical  doppler-spectra  plots  for  various  wave-height  spec¬ 
tral  models . 


C.  Contributions 


The  major  contributions  produced  by  this  work  are  as  follows. 


(1)  Second-order  integral  expressions  have  been  derived  for 
the  bistatic  incremental  radar  cross  section  per  unit 
frequency  for  ocean  surfaces . 

(2)  Efficient  methods  have  been  specified  and  developed  for 
evaluating  the  cross-section  integrals . 

(3)  The  relationship  between  the  ocean-wave  directional 
propagation  constants,  Bragg  condition,  and  doppler 
theory  that  determines  the  sign  of  the  doppler  shift 
produced  by  individual  ocean-wave  trains  has  been  phys¬ 
ically  interpreted. 

(4)  Swell  has  been  included  in  the  analyses  of  second-order 
spectra . 

(5)  Theoretical  and  observed  doppler  spectra  for  known 
oceanographic  conditions  have  been  compared  in  detail. 
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Chapter  II 


ELECTROMAGNETIC  SCATTERING  THEORY 


The  essence  of  any  radar  system  is  the  ability  of  the  system  to 
provide  Information  concerning  a  remote  object  or  target,  based  entirely 
on  how  the  object  scatters  electromagnetic  waves.  For  example,  the  dis¬ 
tance  from  the  radar  to  a  target  can  be  determined  from  the  time  required 
for  the  radar  signal  to  reach  the  target  and  return;  the  radial  velocity 
of  the  target  can  be  deduced  from  the  returned  radio-wave  doppler  shift, 
and  its  size  can  be  estimated  from  the  returned  signal  strength.  The 
cause  and  effect  relationship  between  object  and  scattered  electromag¬ 
netic  wave  must  be  known,  however,  so  as  to  relate  a  particular  target 
characteristic  to  a  characteristic  of  the  scattered  radio  wave.  This 
relationship  is  expressed  by  the  radar  cross  section  of  the  target. 

Radar  cross  section  cf  is  defined  as  that  area  which,  when  multi¬ 
plied  by  the  power  density  in  the  electromagnetic  field  incident  on  the 
scatterer,  provides  a  power  that,  if  reradiated  isotropically,  would 
produce  the  actual  power  density  at  the  receive  location.  It  is  the 
connecting  link  between  the  physical  attributes  of  the  scatterer  (such 
as  size,  shape,  velocity,  and  electrical  properties)  and  the  scattered 
signal  strength  observed  by  the  radar. 

To  understand  this  connection,  consider  a  radar  that  is  transmit¬ 
ting  power  PT  through  an  antenna  with  gain  G  with  respect  to  an  iso¬ 
tropic  radiator  (Fig.  2).  The  power  density  at  an  object  some  distance 
R^  from  the  radar  is 

fi. 

4icR^ 


3y  definition,  the  power 


GP. 


a  x 


4nR 


T_ 

2 


if  reradiated  isotropically,  results  in  a  power  density, 
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a  X 


GP„ 


(4*)2R2R2 


actually  observed  at  the  receiver  a  distance  Rg  from  the  target.  This 
power  density  multiplied  by  the  effective  area  Ag  of  the  receive  an¬ 
tenna  yields  the  radar  received  power  P  , 

R 


R 


a  x 


GVe 

(4rt)2R2R2 


As  a  result,  the  effect  of  the  scatterer  on  received  power  is  expressed 
through  the  radar  cross  section  a. 


Fig.  2.  RADAR  GEOMETRY.  Transmitting  power  P  ,  this  radar  would  re¬ 
ceive  scattered  power  (P  GaA  )/(4rtR„R  )2. 

16  x  Z 


Generally,  a  is  a  function  of  both  the  radar-target  geometry  and 
such  target  properties  as  size,  shape,  velocity,  and  electrical  charac¬ 
teristics;  therefore,  a  single  measurement  of  received  power  is  not  suf¬ 
ficient  to  characterize  the  scattering  properties  of  an  object.  Radar 
observers,  however,  usually  seek  information  concerning  the  physical  at¬ 
tributes  of  a  target  rather  than  its  scattering  properties.  Although 
complete  scattering  properties  may  not  be  required  to  obtain  the  infor¬ 
mation  desired,  they  may  not  be  sufficient  either;  nevertheless,  it  is 
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from  these  properties,  partial  or  complete,  that  this  information  must 
be  extracted  when  radar  techniques  are  employed. 

The  purpose  of  this  chapter  is  to  determine  the  scattering  proper¬ 
ties,  in  the  form  of  an  expression  for  radar  cross  section  psr  unit  area, 
for  slightly  rough  time-varying  surfaces .  Because  the  results  obtained 
here  will  be  applied  in  Chapter  IV  to  ocean  surfaces,  an  equation  for  ra¬ 
dar  cross  section  is  sought  in  terms  of  wave  height ,  wavelength ,  and  wave 
direction.  These  parameters  are  of  interest  to  the  ocean  radar  observer 
and  are  expressed  conveniently  in  combined  form  as  wave-height  direc¬ 
tional  spectra. 

The  cross-section  derivations  that  follow  are  approximate  and  ob¬ 
tained  from  first-  and  second-order  perturbation  solutions  to  Maxwell’s 
equations.  Such  second -order  expressions  in  terms  of  wave-height  direc¬ 
tional  spectra  have  appeared  previously  [Barrick,  1970];  however,  these 
vrre  valid  only  for  roonostatic  or  backscatter  (radar  transmitter  and  re¬ 
ceiver  colocated)  and  grazing-incidence  (mean  target  surface  and  radar 
transmitter  coplanar)  conditions;  see  Pig.  3a.  Expressions  valid  for 
the  arbitrary- incidence  bistatic  geometries  illustrated  in  Fig.  3b  will 
be  derived  here. 

Section  A  discusses  Rice’s  [1951]  derivations  for  fields  scattered 
by  a  time-invariant  slightly  rough  random  surface.  Section  B  uses  the 
Stratton-Chu  integral  [Stratton,  1941]  to  reformulate  the  Rice  solutions 
in  a  form  suitable  for  the  calculation  of  incremental  (per  unit  area) 
radar  cross  section.  First-  and  second-order  perturbation  solutions  for 
radar  cross  section  in  terms  of  random-surface  spectra  are  derived  in 
Section  C.  Sections  D  and  E  expand  the  Rice  theory  to  include  time- 
varying  and  finitely  conducting  surfaces,  respectively.  The  specifics 
of  ocean-surface  radar  cross  section  are  described  in  Chapter  IV  after 
a  discussion  of  hydrodynamic  theory  in  Chap  er  III. 

A.  Rice’s  Scattering  Theory 

1.  Surfaces  and  Statistics 

Because  ocean  surfaces  appear  to  be  both  random  and  regular 
(or  periodic)  depending  on  the  height  from  which  they  are  viewed 
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TRANSMITTER/RECEIVER 


a.  Monostatic  grazing- 
incidence  radar 
(transmitter  and 
receiver  colocated) 


b.  Bistatic  radar 
(transmitter  and 
receiver  separated) 


Fig.  3.  MONOSTATIC  AND  BISTATIC  RADARS.  Grazing  incidence  occurs  when 
radar  transmitter  is  pointed  at  horizon. 


[Kinsuian,  1965] ,  it  seems  only  natural  that  the  mafcher  tical  model  rep¬ 
resenting  them  contains  both  features .  Scattering  such  a  model 

(Fig.  4)  for  time-invariant  surfaces  has  been  a:  * eo  by  Rice  [1951]. 

Following  Rice,  the  surface  height  f(x,y)  is  represented  by 
a  double  Fourier  series  with  gauss ian-di3tributed  complex  rant  effi¬ 
cients,  where 

f(x,y)  =  ^  P(m,n)  exp[-ia(mx  +  ny)]  *  (2.1) 

mn 


Because  up  to  eightfold  summations  will  be  encountered ,  the  convention 
of  not  repeating  the  E  symbol  for  each  sum  will  be  maintained  through¬ 
out  . 


TRANSMITTER 
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Fig.  4.  PERIODIC  ROUGH  SURFACE.  The  surface  profile  at  any  point 
Cxofy0)  is  duplicated  at  all  points  CxQ  +  mL,  yQ  +  nL) ,  where 
L  is  the  spatial  period  and  m  and  n  are  integers  from  -<»  to 

00. 


and 

a  a  2jt/L  (L  designates  the  spatial  period  of  the  surface) 

i  =  \FT 

-oo  <  mfn  <  oo 

Because  the  surface  height  must  be  real,  it  is  required  that 

P(m,n)  =  P*(-m,-n) 

inhere  *  denotes  the  complex  conjugate. 

Ocean  wave-height  measurements  [Kinsman,  1965,  Ch .  7]  indicate 
that  a  gaussian  distribution  closely  represents  actual  wave-height  dis¬ 
tributions  ;  however,  there  are  obvious  reasons  why  the  actual  distribu¬ 
tion  cannot  be  truly  gaussian.  One  impressive  reason  is  the  small  but 
finite  possibility  of  encountering  ocean  waves  several  hundreds  of  feet 
high,  or  higher,  if  the  wave-height  distribution  is  exactly  gaussian. 
Backed  by  measurements  and  compelled  by  the  need  to  simplify  the  ensuing 
mathematics,  a  gaussian  distribution  will  be  assumed. 
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The  statistics  for  P(m,n)  are  summarized  [Rice,  1951]  as 


follows : 


(P(mfn) )  a  0  (2.2a) 

(P(m,n)  P(u ,v ) )  =  0  (u,v)  ^  (-m,-n)  (2.2b) 

(P(m,n)  P*(m,n))  =  {P(m;n)  P(-m,-n))  =  'q^  (2.2c) 

L2 

where 

p  =  am  =  2jtm/L 
q  =  an  =  2jtn/L 

(•)  =  statistical  average  over  the  range  of  the  argument  for 
fixed  m,n 

W(p,q)  =  surface-roughness  spectrum 

Condition  (2.2a),  the  zero-mean  assumption,  simplifies  the 
mathematics  to  follow  without  consequence  to  the  results  because  each 
pectral  component  of  the  ocean  surface  is  assumed  to  have  the  same  mean 
level.  Condition  (2.2b),  the  independence  assumption,  is  required  for 
the  following  analysis  but  is  not  strictly  valid  for  ocean  surfaces. 

The  nonbreaking  deep-water  ocean-wave  profiles  of  interest  here  deviate 
slightly  from  true  sinusoids  [Kinsman,  Ch.  5]  and,  therefore,  contain 
higher  order  harmonics  having  related  amplitudes  in  a  Fourier  represen¬ 
tation.  Nonlinear  wave-wave  interactions  producing  related  harmonic 
terms  also  invalidate  the  independence  assumption.  Because  a  wave-pro- 
file  deviation  from  a  sinusoid  can  be  interpreted  as  resulting  from  the 
wave-wave  interaction  of  an  ocean  wave  with  itself  [Stewart,  1974],  a 
single  phenomenon  can  be  considered  responsible  for  the  violation  of 
(2.2b).  Fortunately,  the  effects  of  nonlinear  wave  interactions  are 
small  [Kinsman,  1965,  Ch.  13]  and  can  be  represented  as  second-order 
perturbations  to  a  first-order  surface  profile  satisfying  (2.2b).  The 
roughness  spectrum  describes  only  this  first-order  profile,  although 
second -order  effects  are  examined  in  Chapter  III  and  are  included  in 
the  final  expression  for  radar  cross  section  (Chapter  IV).  Condition 
(2.2c)  requires  a  more  quantitative  explanation. 
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The  ocean  wave-height  spectra  to  be  considered  are  obtained 
as  the  Fourier  transform  of  the  surface-height  autocovariance  function 
when  the  surface  model  is  a  wide -sense  stationary  process.  The  autoco¬ 
variance  of  the  Rice  surface  (2.1)  is 

R<xl,x2’yl,y2>  =  *  f*(x2,y2)) 

=  (I p<*-  n)  exp^-isOnx^  +  ny^j 


•  ^  P^m^n')  exp[ia(m’x2  +  n*y2^]'^ 

m’n*  *-  ■*/ 


Because  (P  •  P*)  =0,  unless  m  =  m*  and  n  =  n'. 


R(x,y)  =  R(x1  -  x2,  yi  -  yg) 


=  ^  (P(m,n)  P*(m,n))  expi-iaWx^^  -  x2)  +  n(y1  -  y2)ll 

mn  '  L  ' 


Use  of  the  two-dimensional  Fourier  transform, 


00 

^~2  JJ~  R(x.y)  exp^-ia(mQX  +  nQy)j  dxdy 


(2x)  -L\ 


provides  the  surface  spectrum 


00 

W(m  ,n  )  «  /  <P(m,n)  P*(m,n))  — If  exp<-iafx(m  +m) +y(n  +  n)  ;•  dxdy 
°  °  ™  (2n)  ll  <  L  °  o  J) 


The  above  integrals  are  expressions  of  the  Dirac  delta  func¬ 
tion  defined  in  one  form  [Bracewell,  1965,  p.  357]  by 
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-5T  / 


S(k)  =  — -  |  e  ikx  dx 


therefore , 


W(m  ,n  )  »  /  (p(m,n)  P*(m,n)\  5(am  +  am  )  5(an  +  an  ) 
O  O  A-i  o  o 

mn 


If  the  double  summation  is  treated  as  a  double  integral,  then 


W(m 


00 

i,n0)  =  ff  (P(m»n)  P*(m,n))  8(p  +  pQ)  8(q  +  qQ)  dmdn 


where  p  =  am,  q  =  an,  p  =  am  ,  q  =  an  . 

o  o  o  o 

Changing  variables  from  m  to  p,  n  to  q,  etc.  leads  to 


W(p 


uu  2 

(»qo>  -  jj  (P(m,n)  P*(m,n) )  6Cp  +  pQ)  6(q  +  qQ)  dpdq 


which ,  with  the  aid  of  the  delta-function  sampling  property,  integrates 
to 


W(po«qo)  "  <P(V 


n  )  P*(m 
o  o 


for  any  pQ  and  qQ.  Generally,  then,  the  average  of  P(m,n)  P*(m,n), 
in  terms  of  the  surface-height  spectrum,  becomes 


(P(m,n)  P*(m,n)) 


(t)  w<p’q) 


^Details  of  the  limiting  process  for  transition  from  summations  to  inte¬ 
grations  can  be  found  in  many  texts  [Cheng,  1959,  Ch.  5]. 
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Rice's  roughness  spectrum  is  seen  to  be  2  larger  (one  factor 
of  2  for  each  dimension  of  the  Fourier  transform)  than  the  surface -he  ighj; 
spectrum  as  defined  by  the  Fourier  transform  of  the  surface-height  auto¬ 
covariance.  To  facilitate  reference  to  Rice's  work,  the  roughness-spec¬ 
trum  definition  will  be  employed  throughout  the  following  derivations  ; 
when  the  alternate  definition  is  used,  the  differences  will  be  noted. 


2.  Electromagnetic-Field  Expansion  and  Boundary  Conditions 

An  initial  step  in  determining  the  radar  cross  section  for  the 
surface  in  Eq.  (2.1)  is  to  relate  the  scattered  electromagnetic  field  to 
the  incident  field.  This  can  be  simplified  by  assuming  the  surface  to  be 
perfectly  conducting.  Although  ocean-surfp.ce  conductivity  is  not  infi¬ 
nite,  it  is  sufficiently  high  for  the  effects  of  finite  conductivity  to 
be  expressed  as  a  perturbation  to  the  perfectly  conducting  theory  (Sec¬ 
tion  E) . 

The  incident  field  can  be  represented  by  a  plane  wave  propagat¬ 
ing  in  the  x,z-plane  (Fig.  5).  Described  by  its  electric-field  vector 
E  exp[-if3(0!x  -  7z)  +  iwt],  the  plane  wave  is  considered  either  horizontally 


Fig.  5.  INCIDENT  FIELDS  AND  SPECULAR  DIRECTION.  Ey  and  Ejj  are 
vertically  and  horizontally  polarized  components  of  the  incident 
electric  field. 
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polarized  (E  perpendicular  to  the  x,z-plane)  or  vertically  polarized 
(E  in  the  x,z-plane) .  Generally,  E  is  a  complex  vector  of  the  form 
E  a,  where  £  is  a  unit  vector  in  the  direction  of  E,  and  E  is  a 
complex  quantity  assumed  here  to  have  unity  magnitude  ( [E |  =  1) .  The 
coefficients  a  and  y  are  the  sine  and  cosine  of  the  incidence  angle 
0^  illustrated  in  Pig.  5,  and  p  is  the  free-space  propagation  constant 
2xA,  where'  A  is  the  wavelength  of  the  incident  wave.  The  time  factor 
exp(iwt)  will  henceforth  be  assumed,  where  w  is  the  radian  frequency 
of  the  wave. 

Following  Rice,  the  total  electromagnetic  field  above  the  stir- 
face  is  expressed  as  a  sum  of  the  Incident  field,  fields  reflected  in  the 
absence  of  surface  roughness ,  and  those  fields  scattered  because  of  sur¬ 
face  roughness .  Waves  reflected  in  the  absence  of  surface  roughness 
propagate  in  a  single  direction  (specular)  determined  by  Snell’s  law 
(Fig.  5).  Waves  scattered  by  surface  roughness  can  propagate  in  all 
directions,  including  specular,  and  will  be  referred  to  as  nonspecular 
scattered  waves .  Total  fields  are  used  at  this  point  to  satisfy  the 
boundary  conditions  at  the  surface.  Later,  scattered  fields  are  obtained 
by  removing  the  incident  field  from  the  total-field  expressions. 

Because  surface  roughness  is  periodic  in  the  x,y-plane  (Fig. 
4),  the  nonspecular  scattered  fields  will  also  be  periodic,  with  the 
same  period,  in  this  plane  and,  therefore,  can  be  expressed  by  a  two- 
dimensional  Fourier  series.  Solving  for  the  coefficients  of  this  series 
in  terms  of  the  roughness  coefficients  P(m,n)  produces  the  desired 
scattered-field  expressions  as  a  function  of  surface  roughness. 

For  horizontally  polarized  incident  waves,  components  (Fig.  6) 
of  the  total  field  E(x,y,z)  are 


E  =  /  A  E(m,n,z) 
x  Z-i  mn 
mn 


(2.3a) 


E  =  2i  sin  fiyz  exp(-iavx)  +  /  B  E(m,n,z)  (2.3b) 

y  Lmd  mn 

mn 


E  C  E(m,n,z) 

z  mn 

mn 


(2.3c.) 
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Fig.  6.  TOTAL  FIEIDS  ABOVE  A  SURFACE.  The  total  electromagnetic 
field  at  any  point  above  a  surface  is  a  vector  sum  of  the  specu¬ 
lar  and  nonspecular  scattered  fields  plus  the  incident  field. 


b(m,n)  = 


/'  2  2  2  ; 
Ip  -am  -  a 


/  2  2  22  2l 

(a  ra  +  a  n  -  p 


2  2  2  2  2 
am  +  a  n  <  p 


2  2  2  2  2 
am  +  a  n  >  p 


(2.5) 


For  b(m,n)  imaginary,  the  negative  root  is  specified  to  provide  the 
decaying,  rather  than  the  increasing,  exponential  solution  to  the  wave 
equation  that  E(x,y,z)  must  satisfy. 
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Hie  first  term  in  the  expression  for  is  the  total  field 
that  would  exist  above  a  perfectly  conducting  fiat  plane.  For  any  in¬ 
cidence  angle  0 this  term  can  be  written  as 


exp [-ig (OX  -  yz)]  -  exp [-i0(QX  +  yz)]  =  2i  sin  ( fcyz )  exp(-ipax) 
incident  reflected  total 


where  a  =  sin  0^  and  y  =  cos  0^  (Fig.  5). 

To  determine  the  Fourier  coefficients  A  ,  B  ,  and  C  , 

mn  mn  mn 

the  above  term  must  be  periodic,  thereby  restricting  incidence  angles 

to  the  discrete  values  given  by  (3  sin  0^  =  2nv/L  =  av,  where  v  is 

an  integer.  Equation  (2.3b)  contains  this  restriction.  For  large  L, 

almost  any  desired  angle  of  incidence  is  permissible.  later,  L  is 

allowed  to  become  infinite,  thereby  removing  this  restriction  on  0^. 

These  coefficients  are  found  by  satisfying  the  tangential  electric- 

2  2 

field  boundary  condition  to  order  0  f  (x,y) ;  higher  order  terms  are 
neglected . 

The  tangential  electric  field  at  any  point  on  the  surface  can 
be  written  as 


E  -  n(E  •  n)  =t  0  (2.6) 

where  n  is  the  unit  vector  normal  to  the  surface  at  this  point  (Fig. 
7),  and  0  is  the  null  vector.  Expanded  into  its  components ,  Eq .  (2.6) 
becomes 


E  -  n  (E  n  +En  +En)=0 
x  xxx  yy  zz 


E  -n(En  +En  +En)=0  (2.7) 

y  y  xx  yy  ZZ 


E  -  n  (E  a  +  E  n  +En)=0 
z  zxx  yy  zz 


The  unit  normal  components  can  be  written  [Sokolnikoff  and  Redheffer, 
1958]  as 
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Fig.  7.  FIELD  COMPONENTS  AT  SURFACE  BOUNDARY. 


Writing  the  first  two  boundary  conditions  in  Eqs.  (2.7)  in 

terms  of  the  unit  normal  components  and  retaining  only  terms  of  order 
2  2 

t  (3  f  provides  the  boundary  conditions  to  second  order, 

E  +  f  E  =0 
X  x  z 

(2.9) 

<.  E  +  f  !5  =  0 

y  y  z 

Expansion  of  the  field  components  in  Eqs.  (2.3)  in  increasing 
orders  of  f  at  the  surface  yields 

3 

sin  ffyf  =  07*  +  order  (f  ) 


( 
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E(m,n,f)  «s  [1  -  ib(m,n)  f  +  . ..]  E(m,n,o) 


A  =A(1>  +A<2>  ♦  ... 
mn  mn  mn 


(1)  (2)  2  2 

where  A  is  of  order  f3f  and  A  is  of  order  8  f  .  Similar 
mn  mn 


expressions  exist  for  B  and  C  .  The  boundary  conditions  (2.9) 

mn  mn 


for  horizontal  polarization  now  become 


S  [a2)  +  A<2)  +  f  cf^l  [1  -  ib(m,n)  f]  E(m,n,o)  =  0 
ran  ran  x  ran  J 


2i  exp(-iavx)  •  P7f  +  Jb^  +B^  +fyCmn^]  ^  “  ib(m»n>f ]  E(m,n,o)  =  0 


(2.10) 


when  terms  of  order  p  f  and  higher  are  neglected. 

Equating  separately  the  first-  and  second -order  terms  in 
(2.10)  to  zero  results  in 


V  A^  E(m,n,o)  *>  0 

Z-  ■» 


(2.11a) 


2i  exp(-iavx)  8?f  +  V  E(m,n,o)  =  0  (2.11b) 

^  mn 


,(2)  ^  ..(1) 


A  +  f  Cv/  -  ib(ra 
mn  x  mn 


,n)  f  A^^J  E(m,n,o)  =  0  (2.11c) 


y  |b(2)  +  f  C(1)  -  ib(m,n)  f  B(1)|  E(m,n,o)  =  0  (2. lid) 

zl.  L  ran  y  mn  '  mn  J  '  ’ 


Expression  (2.11a)  specifies  that  Av  =0,  thereby  leaving  three 


‘  (2)  (1)  (2)  (1) 

equations  and  four  unknown  coefficients,  A  ,  B  ,  B  ,  and  C 

mn  mn  ran  mn 
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The  additional  equation  required  for  the  solution  of  these  unknown  coef¬ 
ficients  develops  from  the  divergence  theorem  V  .  E  =  0  which ,  when 
applied  to  (2.3),  provides 

l 

am  A(i)  +  an  B(i)  +  b(m,n)  C(i)  =  0 
mn  mn  mn 

to  each  order  i.  Detailed  solutions  to  these  equations  have  been  de¬ 
rived  by  Rice  (1951) . 

The  coefficient  solutions  applied  to  the  field  equations  (2.3), 
with  the  incident  field  E^( incident)  =  exp [-i|3(QX  -  yz)3  removed,  de¬ 
termine  the  scattered  fields  at  any  point  above  the  surface  in  terms  of 
the  random-surface  coefficients  P(m,n).  For  horizontally  polarized 
incident  waves , 


E  a  -2 P7  V  E(m,n,z)  ^  a2(>n  ~  k)  £  Q(m,n,k, 
X  mn  kf 


i ) 


E  =  -exp[-ip(d£x  +  ^z)]  -  2(37  ^  E(m,n,z) <iP(m  -  v,n) 
y  mn  ( 

+  ^  Ja2(n  -  i)  l  -  b2(k,^)J  Q(m,n,k,f)| 


(2.12) 


Ez  -  2  ■  v-”) 


mn 


3  2  2  2 

+  ? .  la  f(m  +  n  -  mk  -  nf)  -  anb  (k 


2[« 

kj %  L 


,f)J  Q(m,n,k,f)| 


where  Q(m,n,k,f)  =  P(k-v,f)  P(m  -  k,n  -  f)/b(k,f)  ,  and  summations  are 
again  from  -»  to  oo. 

A  similar  perturbation  procedure  applied  to  vertically  polar¬ 
ized  incident  waves  yields 
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^'vy-  y-^-yr  ?  <*r-FFss&® 


Ex  =  -y  exp 


C-ip(0£x  +  yz)l  +  2  E(m,n,z) <i(Q&m  -  p)  P(m  -  v,n) 
mn  ( 


I[>2  (m  -  k)(v  -  k)  p  +  O  -  Q&m)  b2(k,f)J  Q(m,n,k,f)> 
kf  / 


E  =  2a 

y 


/  E(m,n,z)<: 
mn  I 


ic»P(m  -  v,n) 


2[- 


+  2,  la<n  -  f)(v  -  k)  p  -  onb 
kj 


‘(k,X)J  Q(m,n,k,l)| 


(2.13) 


Ez  -  «  exp[-ip(ox  +  7z)]  +  2  £  E"^y>- 

mn 

•  jija(m-v)p  +  Ob2(m,n)J  P(m-v,n)  ja2(k  -  v)(m2  +n2 -mk -n.3)P 


+  a 


jcOftCm2  +  n2)  -  mpj  b2(k,i)j  Q(m,n,k,f)j 


Expressions  (2.12)  and  (2.13)  represent  the  scattered  fields 

above  a  slightly  rough  surface  in  terms  of  the  surface  parameters  and 

are  the  desired  results  from  Rice’s  theory.  The  price  paid  for  these 

expressions  is  the  restriction  to  slightly  rough  surfaces  (pf ,  Pf_,  Pf_ 

x  y 

must  be  small  compared  to  unity).  An  analysis  carried  to  order  (pf) 
is  required  to  estimate  the  error  in  these  second-order  results;  however, 
such  an  analysis  will  not  be  undertaken  here.  Instead,  measured  and  pre¬ 
dicted  radar-received  powers  will  be  compared  in  Chapter  V  to  determine 
the  validity  of  the  second -order  theory. 
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B.  Stratton-Chu  Integral 


The  previously  derived  expressions  for  scattered  fields,  (2.12)  and 
(2.13),  assume  a  surface  of  infinite  extent  with  plane  waves  incident  on 
the  entire  surface .  Most  practical  radars,  however,  have  limited  cover¬ 
age  and  only  portions  of  the  total  target  surface  may  fall  within  this 
coverage.  It  is  convenient,  therefore,  to  describe  the  scattering  prop¬ 
erties  of  such  large  surfaces  in  terms  of  a  radar  cross  section  per  unit 
area.  The  fields  scattered  from  a  finite  surface  area  must  be  known, 
however,  to  determine  this  incremental  radar  cross  section.  The  trans¬ 
formation  from  infinite  to  finite  surface-scattered  vector  fields  was 
first  derived  by  Stratton  and  Chu  [Stratton,  1941,  pp.  464-470]  and, 
henceforth,  will  be  called  the  Stratton-Chu  integral. 

The  starting  point  for  this  integral  is  a  vector  form  of  Green’s 
second  identity.  Let  V  be  a  closed  volume  (Fig.  8)  bounded  by  a  sur¬ 
face  S,  and  let  P  and  Q  be  two  vector  functions  of  position  which, 
along  with  their  first  and  second  derivatives ,  are  continuous  throughout 
V  and  on  S.  Applying  the  divergence  theorem  to  the  vector  P  X  V  X  Q 
and  expanding  the  volume  integral  yields  the  vector  form  of  Green’s  first 
identity, 

(V  X  P  •  V  X  Q  -  P  •  V  X  V  X  Q)  dv 

(P  X  V  X  Q)  •  n  da  (2.14) 


I  V  •  (P  X  V  X  Q)  dv  =  f 
■'v  •'V 


-l 


where  n  is  the  unit  normal  to  the  surface  S.  Interchanging  the  roles 
of  P  and  Q  and  subtracting  the  resultant  integral  from  (2.14)  leads 
to  the  vector  fortii  of  Green’s  second  identity, 


V  X  V  X  P  -  P 


•  V  X  V  X  Q)  dv  = 


l 


(P  X  V  X  Q  -  Q  X  V  X  P)  •  n  da 


(2.15) 
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Fig.  8.  VOLUME  V  BOUNDED  BY  SURFACE  S. 


Lei  P  =  E  and  Q  =  <Da,  ->vith  a  an  arbitrary  unit  vector  and  0 
a  scalar  function.  Require  Q  to  satisfy  the  wave  equation, 

o _  2  _ 

VQ  +  to  pGQ  s  0 

and  E  to  satisfy  Me  shell’s  equations, 


V  X  E  =  -iWpH 

V  X  H  =  icoeE  +  J 

TT  .  H  =  0 

V  •  E  =  p/ £ 

where 

p,G  =  permeability  and  permittivity  of  the  volume  material 
J  =  current  density 
p  a  charge  density 
to  =  radian  frequency 

Under  these  conditions,  Green’s  second  identity  becomes 
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'*  V  *  * '  •  » 


L“ 


-iU|juJ$  +  dv 
'V  e  'S 


=  I  C-iU|i(n  x  H)  $>  +  (n  X  E)  x  V$  +  (n  •  E)  V$>]  da 
/<s 

(2.16) 


Now  consider  a  source-free  volume  enclosing  a  small  sphere  about 
the  point  (x* ,y’ ,z’)  as  illustrated  in  Fig.  9,  where  the  sphere  has  a 
surface  with  a  unit  normal  n^.  Equation  (2.16)  then  becomes 


I 


C-iu>p(n  x  H)  $  +  (n  X  E)  X  Vt  +  (n  •  E)  V$]  da 


j  ^-iWpG^  XH)3>  +  (n1  XE)  XV3>  +  (nj  •  E)V$j  dax  =  0 


-iSr 

When  the  radius  of  the  sphere  tends  to  zero  with  $  =  e  /r,  where 
2  2  2  2 

r  a  (x-x*)  +(y-y*)  +  (z-z*)  and  (3  =  2«A,  Stratton  has  shown 

that  the  surface  integral  over  is  ~4itE(x’  ,y*  ,z’ )  .  Because  the 

point  (x',y* ,z’)  can  be  anywhere  within  V,  the  E-field  at  any  point 
in  V  can  be  written  as  an  integral  over  the  surface  fields, 


E(x*  ,y'  ,z*)  =  ~  I  C-ia)p(n  x  H)  $  +  (n  X  E)  X  +  (n  •  E)  V$]  da 
•'S 


(2.17) 


IUNH  NORMAL  TO  S 

W»*> 


■SURFACE  S 


UNIT  NORMAL  W 


SPHERE  WITH 

VOLUME  V  SURFACE,  8. 

v  •*;  v •  > ENCLOSING  f 

POINT  (x‘y;*’)> 


Fig.  9.  EXTERNAL  POINT  ENCLOSED  BY  VOLUME  V. 


Now,  let  V  be  the  hemisphere  enclosed  by  S  +  (Fig.  10)  and 
let  the  radius  of  the  hemisphere  extend  to  infinity.  From  Eq.  (2.17), 
fields  at  any  point  above  the  x,y-planes  can  be  calculated  if  they  are 
known  on  and  S.  For  convenience,  n  is  directed  into  the  volume 

wi*:h  no  effect  on  (2.17). 


Fig.  10.  HEMISPHERICAL  VOLUME  WITH  TWO-PART  SURFACE.  The 
surface  enclosing  V  is  composed  of  a  finite  S  and  an 
Infinite  S^.  Nonzero  fields  are  assumed  only  on  S. 
iWeids  at  point  (x’,y’,z’)  are  the  result  solely  of 
fields  on  S  and  charges  on  contour  C  arising  from 
discontinuities  in  the  fields  between  S  and  S^. 

Si"P  y  assuming  that  the  fields  on  S^  are  zero  and  performing  the 
integral! dti  of  (2.17)  over  the  finite  area  S  violates  Green’s  theorem 
condition  that  the  fields  must  be  continuous  over  the  entire  surface. 
Discontinuities  in  the  tangential  fields  result  in  surface  current  den¬ 
sities  at  the  points  of  discontinuity.  Only  by  accounting  for  these 
discontinuities  can  the  fields  above  a  finite  surface  be  made  to  conform 
to  Maxwell's  equations.  Stratton  shows  that  the  integral 

-  sk  i  w » • d' 

v 

over  the  contour  C  enclosing  the  surface  S  is  the  term  that  must  be 
included  in  (2.17)  to  make  the  interior  fields  consistent  with  Maxwell’s 


r 

c 


< . 


\ 


< 


equations  and  to  account  xor  the  field  discontinuities  along  C.  In¬ 
cluding  the  contour  integral  in  (2.17)  produces  the  result  obtained  by 
Stritton , 


I(x* ,y’ ,z*) 


[-iU|i(n  X  H)  $  +  (n  X  E)  x  V$  +  (n  •  E)  ^0]  da 


-  IS5F  £  "  •  dc 

V 


(2.18) 


Two  modifications  render  (2.18)  more  convenient  for  the  calculation 
of  E(x* ,y* ,z ’ ) .  The  first  changes  the  contour  integral  to  a  surface 
integral  through  Stokes’s  theorem;  the  second  changes  the  mixed -field 
expression  to  one  in  terms  of  E  alone. 

Consider  the  contour-integral  portion  of  (2.18)  in  component  form, 


1  » 

£  cM>  —  —  a  j 

f  3$  -  —  A 

fa*- 

4«iue  a 

(J)  x-  H  •  dc  +  a  ( ] 
x  Jc  ox  y  j 

£5?  H  *  dc  +  az  ( 

r  3z  H  * 

(2.19) 


where  a^  are  unit  vectors  along  the  jth  Cartesian  axis.  In  this  form, 
Stokes's  theorem. 


(V  X  V)  •  ds 


(V  X  V) 


n  ds 


can  be  applied  to  the  vectors  d$/dx  H,  d$/dy  H,  and  d$/dz  H,  where 
V  is  any  vector  and  n  is  the  unit  normal  to  the  surface  element  ds . 

The  partial  differentiation  of  <S>  is  simplified  when  r  is  ex¬ 
pressed  in  the  geometry  of  Fig .  11 ;  then , 


_  exp(-ipr)  _  exp[-ift(R  -  p/g  •  p)1 


where 


6  =  P(sin  0  cos  0  a  +  sin  0  sin  0  a  +  cos  0a) 
K  x  y  z 


(2.20) 


( 
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(o,o,o)  I 


SURFACE  S 


(MjO^ 
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Fig.  11.  GEOMETRY  FOR  CONTOUR  INTEGRAL. 


P  =  |p|  -  2nA 

2  2  2  2 
R  =  x’  +  y*  +  z* 


The  vector  p  is  the  radial  vector  describing  the  position  of  the  ele 
mental  surface  area  ds  on  the  surface  S, 


p  =  xa  +  y£  +  za  (2.21 

x  y  z 


Combining  Eqs.  (2.20)  and  (2.21)  yields 


$  a  — S-Z.  E£-  exp[ip(x  sin  0  cos  0  +  y  sin  0  sin  0  +  z  cos  0)] 

fv 


where,  for  large  r,  letting  R  =  r  in  the  amplitude  of  $  has  a 
negligible  effect.  From  (2.22)  the  partials  of  0  can  be  obtained  as 

r)<T> 

•sr  =  ip  Si*1  0  COS  0  9  =  ±B  9 


■^  =  ip  sin  6  sin  0  9  = 


rj(p 

=  ip  cos  9  9  =  ipz$ 


Applying  Stokes’s  theorem  to  the  x-component  of  the  contour  integral 


gives 


j>  S  H  ‘  d°  =  SitTwe  l  [V  *  (I!  H)]  ‘  n 


/  * 

•/fi 


X  ($H)]  •  n  ds 


[|  m  x 


H)  •  n  ds  +  9(V  X  H)  • 

-'S 


n  dsj 


(2.23) 


Similar  expressions  exist  for  the  y-  and  z-components  of  the  contour 
integral  and  combine  with  (2.23)  to  produce  the  total-vector  contour 
integral , 


1 

4itiu)e 


®  H  •  dc  =  -  ^  [  C(V4>  X  H)  •  n  +  iwe$E  •  n]  ds 

%  4jtue  4  (2. 


inhere  V  X  H  =  iweE  (one  of  Maxwell’s  equations  in  time-harmonic 
source-free  form)  replaces  V  X  H  in  (2.23). 

With  the  following  auxiliary  relationships, 


(V4>  X  H)  .  n  =  -(n  X  H)  .  V9 
V9  =  ip$ 

p  a  0)  *s/| J.e 

•-I 


(2.25) 
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Eq.  (2.24)  can  be  incorporated  into  the  total-field  expression  (2.18) 
to  yield 


E(x’,y’,z’)  =  -  j  £-(n  X  H)  +  (n  X  i)  X  £  +  (3  •  (n  X  H)  £ j 

•  e1^  ds  (2.26) 

which  is  the  Stratton-Chu  integral  rewritten  as  a  single-surface  inte¬ 
gral.  It  expresses  the  field,  at  any  point  (x*,y’,z*),  caused  by  the 
fields  on  a  given  surface  S,  where  S  may  be  only  a  portion  of  a 
larger  surface.  Rice  has  conveniently  provided  expressions  (2.12)  and 
(2.13)  for  the  scattered  fields  everywhere  above  a  slightly  rough  sur¬ 
face.  These  fields,  when  evaluated  at  the  scattering  surface,  can  be 
used  in  the  Stratton-Chu  integral  to  obtain  the  field  E(x*,y,,z')  scat¬ 
tered  from  a  finite  portion  of  the  surface. 

subtle  but  important  point  concerning  the  Stratton-Chu  integral 
is  ■  hat  the  scattering  surface  need  not  be  the  surface  over  which  the 
integration  is  performed.  For  example,  the  fields  derived  from  Rice’s 
theory  can  be  evaluated  at  any  surface ;  however ,  no  matter  where  evalu¬ 
ated,  they  remain  the  fields  caused  by  the  scattering  surface.  As  a  re¬ 
sult,  a  surface  convenient  for  the  integration  of  (2.26)  can  be  chosen, 
the  fields  scattered  by  the  slightly  rough  surface  can  be  evaluated  at 
this  new  surface,  and  the  Stratton-Chu  integral  then  applied. 

A  convenient  surface  in  evaluating  (2.26)  is  one  contained  in  the 
z  =  0  plane ;  then ,  n  =  and 


n  X  H  =  -H  a  +  H  a 
y  x  x  y 

n  X  E  =  -E  a  +  E  a 
y  x  x  y 

Using  Maxwell’s  curl  equation  for  electric  field 

V  X  E  =  -iupH 
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H  can  be  expressed  as  partial  derivatives  of  E, 


Hy  =  “  iSS  ■  SZ/ 

.  /Be  Be  \ 

H  =  .  1  (  » 

x  iW|j.  y  oy  oz  j 


i  /\  d\\ 


Substituting  these  components  of  H  in  (2.26)  results  in  an  integral 
expression  to  which  the  E-fields  derived  by  Rice  can  be  applied  directly, 


E(x*,y»,z»)  = 


5-if3R 

4rtR 


il 


Be  Be  \ 

Z  X  \  A 


Be  Be 

z  y 


"ST  '  "ST/  ax  +  \S7  ~  “ST 


)  ajz=0 


+  if3  E  cos  0a  +  E  cos  0  a 
L  x  x  y  y 


(E  sin  0  cos  0  +  E  sin  0  sin  0)  a  1 
x  y  zj 


z=0 


7Be  Be  \  /Be  Be  \  "1 

-  sin  0c°s0  +  [if  -  sin  0  sin  ^jz=o 

•  |sin  0  cos  0  a^  +  sin  0  sin  0  a^  +  cos  0  **z]j  ds 


(2.27) 


This  equation  plus  (2,12)  and  (2.13)  are  the  tools  to  be  used  in  deter¬ 
mining  per  unit  area  radar  cross  sections  for  slightly  rough  random  sur¬ 
faces  . 
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C.  First-  and  Second-Order  Radar  Cross  Sections 

The  following  discussion  is  the  first  of  three  in  which  the  radar 
cross  section  per  unit  area  for  a  slightly  rough  surface  is  derived.  At 
this  point,  the  surface  is  still  perfectly  conducting  and  motionless. 
Later  (in  D  and  E) ,  the  time-varying  and  finite-conductivity  aspects  of 
the  rough  surface  will  be  described. 


1.  Radar  Cross  Section  as  Power-Density  Ratios 

Radar  cross  section  has  been  defined  as  that  area  a  where, 
when  multiplied  by  the  incident  power  density  S^,  provides  a  power 
aS±  that,  if  reradiated  isotropically  (crS^/4nR2)  would  produce  the 
actual  power  density  Sg  at  the  receiver  a  distance  R  from  the  tar¬ 
get.  As  an  equation. 


S 


s 


(2.28) 


For  time-harmonic  electromagnetic  waves ,  time-average  power 
density  S  is  used ; 


S  =  |  Re(E  x  A*) 

when  electromagnetic  fields  are  expressed  in  complex  form.  For  waves 
propagating  in  homogeneous  media  with  permittivity  €  and  permeability 
p,  E  and  H  are  in  space  quadrature  with  E  =  n/Jj/g  H;  therefore, 


S  =  |  Re  (EH*) 


From  (2.28),  the  radar  cross  section  becomes 


a  =  4rtR 


2 


2 
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If  the  scatterer  is  a  surface  of  size  L  x  L,  the  radar  cross  section 
per  unit  area  becomes 


Because  only  cross  sections  per  unit  area  are  considered  henceforth,  a 
can  be  used  to  represent  them  without  confusion. 

To  be  consistent  with  Rice’s  work,  the  incident-field  magni¬ 
tude  is  taken  to  be  one ;  then ,  a  becomes 


A  field  scattered  from  the  slightly  rough  surface  described 
in  Section  B  is  a  random  variable,  and  an  average  radar  cross  section 
a  can  be  defined,  where  the  average  is  taken  over  all  possible  rough 
surfaces  of  the  same  class.  Later,  when  time-varying  surfaces  are  in¬ 
troduced,  E  is  generated  by  an  ergodic  random  process  in  which  the 
time-average  power  is  equated  to  the  statistical  average  power,  and  the 
notation  returns  to  a  rather  than  a.  In  either  case,  the  quantity 

(E  E*)  must  be  calculated.  For  a  time-invariant  or  static  surface ,  the 
s  s 

average  radar  cross  section  is 

(E  E*> 

a  =  4*R  S„S  (2.29) 

L“ 


2  •  Scattered  Fields  from  Rough  Surfaces  of  Finite  Extent 

The  fields  to  be  used  in  the  radar  cross-section  equations 
presented  above  are  found  by  performing  the  Stratton-Chu  integration  of 
Rice’s  field  expressions  over  a  planar  surface  of  size  L  x  L,  where  L 
is  allowed  to  be  the  same  as  the  period  of  the  rough  surface  defined  by 
Eq.  (2.1).  As  a  specific  example,  consider  a  vertically  polarized 
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incident  wave  (Fig.  12).  The  Stratton-Chu  integral  (2.27)  requires  that 
the  inf inite -surface  scattered  fields  [Eqs.  (2.13)]  and  their  partial 
derivatives  must  be  evaluated  at  the  surface  over  *hich  the  integration 
is  performed.  Applying  (2.27)  to  the  x-component  of  th€  scattered  field, 
evaluated  at  z  =  0,  yields 


E  (x*  fy',z»)  s» 
x 


ft  2  2  2  .  -i0G£x 

-  -E  (1  -  a  sin  0  cos  0  +  7  cos  9)  e 

A 


+  ^  |b(m,n) (1  -  sin  0  cos  0)  +0  cos  0^  E(m,n,o) 


•  i(Q&m  -  0)  P(m  -  v,n) 


+  /  ia^Gn  -  k)(v  -  k)  0  +  (0  -  dam) 

k 1  ' 


^  -  b(m,n)  E(m,n,o)  ianP(m  -  v,n) 

mn  L 


b2(k,f)|  Q(m,n,k,f)j 


+  2^  ia(n  "  i)(v  -  k)  0  -  anb  (k 
kf  * 


,f)^  Q(m,n,k,f)j 


+  y  [am(sin2  0  cos2  0-1)  +  an  sin2  0  sin  0  cos  0]  O^n)"] 

mn 

•  i|a(m  -  v)  0  +  0b2(m,n)|  P(m  -  v,n) 


2^  |a3(k  -  v)(m2  +  n2  -  mk  -  nf)  0 
kf  ' 


+  a |oa (m2  +  n2)  -  m0j  b2(k,f)|  Q(m,n,k,f)  elh‘ 


(2.30) 
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Fig.  12.  SCATTERING  GEOMETRY — VERT I CALLY  POLARIZED  INCIDENT  PLANE  WAVE. 


The  integration  of  this  equation  can  be  readily  performed  because  the 
only  terms  involving  the  variables  of  integration  (x  and  y)  are  ex¬ 
ponential,  exp(-i(3ax) ,  exp(ip-p),  and 


E(m,n,o)  =  exp [-ia(mx  +  ny)] 


where  these  variables  are  separable.  The  integrals  to  be  evaluated  are 


exp  C-ia (mx  +  ny)] 


exp[p(sin  0  cos  0  x  +  sin  0  sin  0  y)]  dxdy 


and 


exp(-i9ax) 


exp[p(sin  0  cos  0  x  +  sin  0  sin  0  y)l  dxdy 


The  results  of  integration  are  the  familiar  sinc(x) = sin(x)/x 


functions , 


L  (3 


sin  6  cos  0  -  am)  L/2 


sinc(XR) 


fsin  {(3  sin  0  sin  £ 

?  -  an)  L/2) 

L  (3  sin  0  sin  £ 

-  an) 

sinc(YR) 


(2.31a) 


,2fsin  ((3  sin  0  cos  0  -  ga)  L/2)~]  fsin  {(3  sin  0  sin  0)  1/2}' 


O  sin  0  cos  0  -  0a)  L/2 
sine (XI) 


(3  sin  ©  sin  0)  L/2 
sine (YI) 


(2.31b) 


The  definitions  XI,  YI,  XR,  and  YR  allow  the  x-component  of  the 
scattered  field  to  be  written  in  compact  form. 


2ie'iPR 

Ex(«-,y’,z-)  =-j — 


•  L2<-  ~  (1  -  a2  sin2  9  cos2  0  +  7  cos  0)  sinc(XI)  sinc(YI) 


+  2^  Jb(m,n)(l  -  sin2  0  cos2  0)  +  0  cos  0J 
mn  ^ 


•  sinc(XR)  sinc(YR)  [E  terms] 

x 


+  /-  ab(m,n)  sin  9  sin  0  cos  0 
mn 


•  sinc(XR)  sinc(YR)  [E^  terms] 


r  2  2  2 

|am(sin  0  cos  ft  -  1)  +  an  sin  0  sin  0  cos  0 

mn  - 

.  slncOB)  slnc(Yft)  ,!  (2 

b(m,n)  z  | 


b(m,n) 


[E  terms ] , 

z 


(2.32a) 
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where  the  [E  terns],  [E  terms  ] ,  and  [E^  terms]  are  the  coefficients 
x  y  7j 

of  E(m,n,z)  in  the  x-,  y-,  and  z -components  of  the  scattered  fields  in 
(2.13),  respectively.  The  Ce^  terms]  are  actually  the  coefficients  of 
E(m,n  z)/b(m,n).  From  (2.13),  they  are 

[E  terms]  =  i(oam  -  p)  P(m  -  v,n)  +  ^  [a2(m  -  k)(v  -  k)  p 
X  ki  1 

+  (P  -  aam)  b2(k,i)J  Q(m,n,k,i) 


Ce  terms]  =  iOnP(m 

y 


-  v,n)  +  2_,  M 

Ir  n  i- 


a(n  -  £)(v  -  k)  p  -  anb  (k 


, J5)j  Q(m  ,n,k,. 


[Ez  terms]  =  i  a(m  -  v)  P  +  Ob2(m,n)|  P(m  -  v,n)  +  “  y) 

*“  J  \r  0  v 


2  2  T  2  2 

•  (m  +n  -mk  -nj)  P  +  a  C8a(m  +n  )  -mp 


J  b2(k,^)| 


Q(m,n,k,/J) 


The  y-  and  z-coraponents  of  the  scattered  field  for  vertically 
polarized  plane-wave  incidence  are  obtained  in  the  same  manner.  They  are 


2ie(~iPR)  L2  (p  2  2 

E  (**  ,y*,z')  =  - ■g-g -  a  sin  0  sin  0  cos  0  sinc(XI)  sinc(YI) 


+  ^-b(m,n)  sin2  0  sin  0  cos  0  sinc(XR)  inc(YR)  [Ex  terms] 


y  Jb(ra,n)(l  -  sin2  0  sin2  0)  +  p  cos 


sinc(XR)  sinc(YR)  [E  terms] 

y 


(2.32b) 
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•f  'y  |an(sin2  0  sin2  0-1)  +  am  sin2  9  sin  0  cos  0~\ 
mn  *-  -* 


sinc(XR)  sinc(YR) 
b(m,n) 


[E  terms ] > 
2  ) 


(2.32b) 
Cont . 


and 


E  (x* ,y’ ,z') 
z 


21e^~1^R)  L2  U 

4jtR  12 


[7  sin  9  cos  0  +  oT 


sin  9  cos  0  cos  0] 


•  sine (XI)  sinc(YI) 


-1 


sin  9  cos  0  [p  +  b(m,n)  cos  0] 


•  sinc(XR)  sinc(YS)  [E  terms] 

x 


sin  0  sin  0  [0  +  b(m,n)  cos  0] 


•  sinc(XR)  sinc(YR)  [E  terms] 

y 


mn 


sin  0  cos  0 


Cam  cos  0  +  an  sin  0] 


sinc(XR)  sinc(YR) 
b(m,n) 


[E  terms ] ] 


(2.32c) 


Similar  expressions  result  when  the  incident  wave  is  horizontally  polarized  . 


3 .  Polarized  Components  of  Scattered  Fields 

Because  power  received  from  a  scattered  field  generally  will 
depend  on  the  polarization  of  the  receive  antenna  and  of  the  wave 


< 
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4, 


incident  on  the  scatterer ,  it  is  convenient  to  express  the  scattered 
field  in  terms  of  polarized  components .  Incident  waves  have  been  de¬ 
scribed  as  either  horizontally  or  vertically  polarized;  likewise,  scat¬ 
tered  fields  can  also  be  expressed  in  terms  of  horizontally  and  verti¬ 
cally  polarized  components.  In  the  spherical  coordinates  shown  in  Fig. 
13,  the  direction  is  perpendicular  to  the  direction  of  propagation 

a  and  to  the  plane  defined  by  a“  and  the  z-axis.  Scattered -field 
r  r 

components  in  the  a^  direction  are  horizontally  polarized  according 
to  the  definitions  used  for  the  incident  waves  ;  similarly,  field  compo¬ 
nents  in  the  a ^  direction  are  vertically  polarized. 


Fig.  13.  SPHERICAL  COORDINATE  SYSTEM. 


(E  ,  E 
x’  y 

nents 


In  terms  of  the  Cartesian  components  of  the  scattered  field 
,  and  Ez)»  the  vertically  and  horizontally  polarized  compo- 
(Eg  and  E^)  are 


E„  =  E  cos  0  cos  9  +  E  sin  0  cos  9 
9  x  y 


E  sin  9 
z 


(2.33a) 


and 


*0 


=  -E  sin  0  +  E  cos  0 
x  y 


(2.33b) 


\ 
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where  E^,  Ey,  and  Ez  may  be  the  result  of  either  vertically  or  hor¬ 
izontally  polarized  incident  waves . 

Considering  only  these  two 
foui  possible  combinations  fez*  r-idar 

ffw  =  vertical  incident,  vertical  reflected 
°VH  -  vertical  incident ,  horizontal  reflected 
°HH  -  horizontal  incident,  horizontal  reflected 
ffHV  =  horizontal  incident,  vertical  .reflected 

°nly  ffW  wil1  be  calculated  here  (results  for  a  will  be  presented 
at  the  end  of  this  section) ,  but  the  same  procedure  used  to  obtain  a 

w 

and  °HH  aPPlies  to  the  cross -polarized  and  as  well. 


orthogonal  polarizations  results  in 
cross  section. 


4.  Calculation  of  a 

- - — —  W 

The  average  radar  cross  section  o  is  derived  in  two  steps, 
using  Eq.  (2.29).  First,  the  average  (E0E*)  is  found,  and  then  the 
limit  of  (EqE* )/L  as  L  goes  to  infinity  is  taken,  thereby  convert¬ 
ing  sums  to  integrals . 

From  the  field  components  in  (2.32),  the  vertical  field  E0 
according  to  (2.33a)  is 


21e<i<*>  .2 
e  JS 


-ft  <7* 


cos  0)  cos  0  sine (XI)  sinc(YI) 
A 


♦v 


cos  0  O  +  b(m,n)  cos  0)  sirc(XR)  sinc(YR)  [E  terms] 
mn  *-• —  .  —  —  x 


B 


(2.34) 


+  £'  \  sin  0  O  +  bOn.n)  cos  0)  sJSc(XR)  sinc(YR)  [E  terms] 


mn 


+  ^  ■  cos  0  (am  cos  0  +  an  sin  0 )  5*nc(YR>  [E  terms]! 

mn  _  -  b(m.n)  _ _  z  ( 


With  the  abbreviated  notation, 


EflE*  =  — sf-o  CAA*  •<  BB*  +  CC*  +  DD*  +  (A*B  +  B*A)  +  (A*C  +  C*A) 
4rt  R 


+  (A*D  +  D*A)  +  (B*C  +  C*B)  +  (B*D  +  D*B)  +  (C*D  +  D*C)] 


(2.35) 


a .  Zero  and  First  Order 

Zero-order  terms  are  those  products  in  Eq.  (2.35)  that 
involve  no  random  variables  P(m,n):  first-order  terms  have  products  of 
two  random  variables.  Because  P(m,n)  are  zero  mean  and  gaussian,  the 
product  of  three  random  variables  averages  to  zero  [Thomas,  1969,  p. 
64]  . 

Only  one  representative  term  from  each  of  the  above  com¬ 
binations  will  be  examined  here.  The  AA*  term  involves  no  random  vari¬ 
ables  and  its  average  is 


(AA*)  =  (7  +  cos  0)2  cos2  0  sine2 (XI)  sinc2(YI) 


(2.36) 


The  A*B  term  is  obtained  from  Eq.  (2.34)  and  from  the 

definition  of  the  [E  terms]  in  Section  C.2.  When  products  involving 

x 

a  single  random  variable  are  omitted  (these  average  to  zero) ,  A*B  fce- 


A*B  *  “  2  ('  +  cos  cos  0  sinc(XI)  sinc(YI)  ^  cos  0  [p+b(m,n)  cos 

mn 

•  sinc(XR)  sinc(YR)  ^  |a2(m  -  k)(v  -  k)  P  +  (p  -  Ohm)  b2(k,f)J 


Q(m,n,k,f) 


(2.37) 


Recall  that 


Q(m,n,k,i)  = 


P(k  -  v,l)  P(m  -  k,  n  -  l) 
b(k,i) 
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and,  by  Eqs.  (2.2),  the  relations  k-v  =  -(m-k)  and  0,  -  -(n  -  £) 
must  hold  for  a  nonzero  average;  therefore,  m  =  v  and  n  =  0.  Under 
these  conditions, 


(Q(m,n,k,^) } 


rt  W(ak  -  av,af) 
I?b(k,f) 


which  leaves  only  the  double  sum  over  k  and  &.  The  terms  in  the  sum 
over  m  and  n  are  evaluated  only  at  m  =  v  and  n  =  0  with  the  re¬ 
sult  , 


b(m,n)  ->b(v,o)  =  37 
sinc(XR)  -»sinc(XI) 
sinc(YR)  -» sinc(YI) 

Relabeling  the  summation  indices  k  and  i  as  m  and  n,  the  average 
of  A*B  can  be  written  as 

2  2  2 

(A*B)  =  -  2  <?  +  cos  cos  0  sine  (XI)  sine  (YI)(1  +  y  cos  9) 

9 

\  f  2  .2  ^  2.  "I  jt  W(am-av,an) 

•  ^  a  (v  -  m)  3  +  (3  -  Oiav)  b  (m,n)  - 2 - * - 

mn  ■*  L  b(m,n)  ^  3g) 

If  b(m,n)  is  real,  then  (A*B)  =  (AB*);  if  b(m,n)  is  imaginary ,  then 
(A*B)  =  -(AB*)  and  the  AB  cross  terms  cancel.  All  of  the  cross  terms 
involving  A  have  this  property. 

The  average  of  other  terms  involving  A  are  similar.  The 
remaining  self  and  cross  terms  take  on  another  form  and  can  be  repre¬ 
sented  by  a  single  example.  Consider  BC*,  omitting  factors  involving 
more  than  two  random  variables.  Under  these  conditions, 
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BC*  =  'y  cos  0  [0  +  b(m,n)  cos  0]  sinc(XR)  sinc(YR)  [i(Oam  -  0)  P(m-v,n)] 


•*  I 


sin  0  [0  +  b*(m,,nt)  cos  6] 


•  sinc(XR')  sinc(YR’ ) [-iQh,P*(m*  -  v,n‘)] 

The  random  terms  are 

P(m  -  v,n)  •  P*(m’  -  v,n') 

For  a  nonzero  average,  the  conditions  m  =  mf  and  n  =  n*  must  hold. 
After  averaging,  the  result  is 


(BC*)  =  a  ^  cos  0  sin  0  [0  +  b(ir.,n)  cos 


[0  +  b*(m,n)  cos  0]  sine  (XR)  sine  (YR) 


[an(cflsn  -  0)]  *  -  ■>.") 

I? 


(2.39) 


Jn  this  case,  (BC*)  =  (B*C). 

2 

To  obtain  the  radar  cross  section  per  unit  area ,  (EgE*)/L 
is  evaluated  in  the  limit  as  L  tends  to  infinity.  From  (2.35), 


<E0E0>  L2 

■  ■%--  =  — 1"2  (AA*  +  BB*  +  ...) 
L  4jt  R 


and  the  term-by-term  evaluation  is  in  the  form  of  lim  L  (XY*). 

L— »  00 
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When  evaluated  in  the  limit,  each  of  the  three  examples 
considered  provides  results  that  can  be  interpreted  physically  and  are 
in  agreement  with  intuition.  The  \AA*)  term  in  (2.36)  can  be  rewrit¬ 
ten  as 


o  n  o 

lim  L  (AA*)  =  lim  ~~  (7+cos  0) 

L— >  00  L— >  00 


2 

cos 


[sin  {(g  sin  0  cos  0  -  gq)L/2  }T 
^  L  (g  sin  0  cos  0  -  gCC)  L/2  J 


t  fsin  ((g  sin  0  sin  0)L/2}12 
L  (g  sin  0  sin  0)L/2  j 

2  2 

where  sine  (XI)  and  sine  (YI)  are  given  in  complete  form. 

In  taking  the  limit,  the  following  [Thomas,  1969,  p.  587] 

can  be  used: 


T  Ts  in  (XL/2) 

Urn  L[~ xl72  — 

where  6(X)  is  the  Dirac  delta  function.  Although  this  equation  is  not 

2 

proven  here,  L  •  sine  has  all  the  properties  associated  with  the  more 

common  functions  whose  limiting  value  defines  the  delta  function.  As  L 

tends  to  infinity,  the  limit  in  (2.40)  tends  to  zero  everywhere ,  except 

2 

at  X  =  0  where  it  tends  to  infinity.  The  integral  of  L  •  sine  from 

-»  to  00  is  finite  and  has  the  value  of  2jt,  independent  of  L. 

2 

Applying  (2.40)  to  L  (AA*)  yields 


=  2 it  5(X) 


(2.40) 


lim  L2<AA*)  =  rt2g2(7 +cos  0)2  cos2  0  5(f3  sin  0  cos  0  -  ga)  6(g  sin  0sin0) 
L->  00 


(2.41) 


By  the  sampling  property  of  the  delta  function,  this  limit  has  a  nonzero 
value  only  under  the  conditions  that 

g  sin  0  cos  0  -  ga  =  0 
g  sin  0  sin  0=0 
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t 
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Because  sin  0  is  nonzero  by  the  first  condition,  sin  0  must  be  zero 
by  the  second;  hence,  cos  0  =  ±1.  From  Fig.  12,  both  sin  0  and  a 
are  positive,  thereby  limiting  cos  0  to  +1.  The  conditions  for  non¬ 
zero  (AA*)  can  be  rewritten  as 

sin  0  =  a 
sin  0-0 
cos  0-1 


According  to  Fig.  12,  the  above  conditions  specify  the  specular  direc¬ 
tion.  This  is  not  surprising  because  (AA*)  comes  from  that  portion 
of  the  field  scattered  by  a  plane  reflector. 

The  second  example  (2.38)  contains  a  double  summation 
that  becomes  a  double  integral  in  the  limit.  Using  the  delta-function 
definition  of  (2.40), 


lim  L2(A*B)  =  -4it27p2(l  +  ?2)  6(6  sin  0  cos  0  -  f3a)  60  sin  0  sin  0) 
L— >  00 


sit 


,a  \ 2  22, 

(pa  -  p)  +  7  b  (p 


»q>] 


W(p  -  pa,q) 
b(p,q) 


dpdq 


(2.42) 


t 


i 


( 


where  the  limiting  conditions 

am  ->  p 
an  ->  q 
av  pa 

were  used,  and 


W(am  -  av,an)  dmdn 


W(p  -  Pa,q)  dpdq 


as  L->oo.  Again,  the  contribution  to  the  radar  cross  section  is  in  the 
specular  direction  only,  but  this  time  it  is  weighted  by  an  integral  of 
the  surface-roughness  spectrum  over  all  wave  numbers,  p  and  q. 
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There  is  no  entirely  specular  constraint  in  the  third 
example,  {BC*).  Equation  (2.39)  shows  that,  in  the  limit  of  large  L, 
there  will  be  delta  functions  within  the  integrals;  therefore,  analyti¬ 
cal  integration  is  possible,  using  the  sampling  property  of  the  delta 
function.  First,  formally  taking  the  limit, 


lim  L2(BC*)  = 
L— >  00 


cos  0  sin  0  [p  +  b(p,q)  cos  61  Cp  +  bt(p,q)  cos 


rn 
o  j 


X  50  sin  0  cos  0  -  p)  5(p  sin  9  sin  0  -  q)  [aq(ap  -  p)] 

•  W(p  -  pa,q)  dpdq 
and,  then  integrating, 

lim  L2(bc*)  =  c*V  sin2  0  cos  0  (1  +  cos2  0)2  sin  9  (asin0cos0  -  1) 
L— >  00 

•  WO  sin  9  cos  0  -  pa,  P  sin  0  sin  0)  (2.43) 


This  example  indicates  that,  generally,  there  will  be  scattered  power 
at  any  observation  angles  0  and  0  (ti  is ,  a  nonzero  radar  cross 
section).  For  a  given  sot  of  incidence  and  observation  angles,  however, 
only  a  particular  portion  of  the  surface-roughness  spectrum  contributes 
to  this  nonspecular  power.  Later,  it  will  be  shown  that  the  components 
of  the  surface  spectrum  cf. using  the  scattering  in  a  given  direction  are 
those  that  meet  the  conditions  for  Bragg  scattering. 

The  average  radar  cross  sections  to  zero  and  first  orders 
are  found  by  applying  Eq.  (2.29)  to  all  the  average  terms.  For  specular 
reflection,  the  result  is 


—  2  2 

Oyy  =  4np  7  5(p  sin  0  cos  0  -  pa)  5(p  sin  0  sin  0) 


(2.44) 


r  r  P  2  TP 

'lJi  JJ  +b2(p,q)y  W(p  -  r<<,q)  dpdq 

—to  JL 
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and,  for  nonspecular  scattering, 

—  4  2 

=  4ltP  sin  ®  “  cos  0)  w(p  sin  ®  cos  0  ~  P  sin  0  sin  0) 


These  equations  represent  the  average  radar  cross  section  per  unit  area 
(to  first  order)  of  a  perfectly  conducting  slightly  rough  time-invari¬ 
ant  surface  of  infinite  extent.  Note  that  the  roughness  contribution  to 
the  specular  cross  section  goes  to  zero  when  the  radio-wave  propagation 
constant  in  the  z-direction  b(p,q)  becomes  imaginary.  Physically, 
this  phenomenon  corresponds  to  surfaces  whose  roughness  scale  is  small 
compared  to  the  incident  radio  wavelength ;  in  other  words ,  the  surface 
appears  smooth  to  radio  wavelengths  longer  than  a  certain  value. 


b .  Second  Order 


1 


The  second-order  terms  are  of  considerable  interest  be¬ 
cause  they  account,  in  part,  for  the  sideband  structure  observed  in  ra¬ 
dar  echoes  from  ocean  surfaces . 

To  determine  the  second-order  contribution  to  radar  cross 
section,  the  average  (Q(m,n,k,i)  X  Q*(m’ ,n* ,k*  ,£ * ) )  must  be  evaluated 
for  the  various  products  in  (2.35).  In  terms  of  the  random  variables 
P(m,n) , 


(Q(m,n,k,f)  Q*(m’ ,n' ,k* , i * ) ) 


/p(k  -  v,l)  P(m  -  k,  n  -  l)  P*(k'  -  v,l»)  P*(m'  -k»,  n*  -  l*)\ 
\  b(k,f)  b*(k»,f»)  / 


For  gaussian  random  variables ,  the  average  can  be  expanded  [Thomas , 
1969,  p.  64]  as  follows: 


<V2P3P4>  =  <P1P2><P3P4>  +  <P1P3><P2V  +  <PlV<P2P3> 
-2{Pi){P2>(P3){P4) 


( 
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where  the  need  not  be  independent.  When  expanded,  the  average 

(QQ* )  becomes 


(P(k  -  v,l )  P(m  -  k,  n  -  D)(p(v  -  k* ,-1*)  P(k?  -  m*,  f1  -  n*)) 

b(k,i)  b*(k' ,£') 


+  (P(k  -  v,i)  P(k*  -  m« ,  V  -  n* ) )(P(m  -  k,  n  -  l)  P(v  -  k'.-l')) 

b(k,f)  b*(k»,J') 


<P(k  -  v,l)  P(v  ~  k*  )(P(m  -  k,  n  -  l)  P(k'  -  m* ,  f 

b(k,f)  b*(k' ,f*) 


n*)> 


(2.46) 


where  P*(m,n)  =  P(-m,-n)  replaces  the  conjugate  terms. 

It  is  not  difficult  to  see  why  calculation  of  radar  cross 
section  is  limited  to  second  order;  the  number  of  averages  increases  six¬ 
fold  in  going  from  first  to  second  order.  The  averaging  process  becomes 
mechanical  after  the  first  or  second  term,  however,  so  that  consideration 
of  a  representative  term  in  (2.35)  will  suffice  in  demonstrating  the 
techniques  involved. 

Consider,  for  example,  the  BB*  term  in  (2.35)  and  omit 
the  first-order  contributions  ;  the  result  is 


BB*  =  <  /  cos  0  [3  +  b(m,n)  cos  0]  sinc(XR)  sinc(YR) 


[ran 


/  fa2(m  -  k)(v  -  k)  0  +  O  -  Oam)  b2(k 

ti  L 


,f)J  Q(m,n,k,f)| 


\I 

(m’n' 


cos  0  Cp  +  b*(m,,n')  cos  0]  sinc(XR’)  sinc(YR’) 


•  ^  [a2(m’  -k')(v-k')  p  +  (p-CDam')  b2(k',f’)l  Q(m*  ,n*  ,k*  ,f ' )] 

k*i*  L  J  ) 


^2  .47) 
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f. 


i , 


{, 


L 


This  eightfold  summation  can  be  reduced  to  something  less  formidable  by 
using  the  condition, 


(P(m,n)  P(u ,v ) )  =  0 

unless  m  =  -u  and  n  =  -v.  Applying  this  condition  to  the  first  term 
in  (2.46), 

(P(k  -  v,l)  P(m  -  k,  n  -  l))(P(v  -  k*.-.^)  P(k*  -  m» ,  l*  -  n»)> 

b(k,f)  b*(k*,f») 

imposes  the  following  constraints  on  the  summation  indices.  For  the 
first  average, 


k  -  v  =  k  -  m 


t,  =  i  -  n 


and,  for  the  second  average, 


v  -  k'  =  m’  -  k 
-r  =  n'  -  t' 

When  combined,  these  conditions  become 

m  =  m'  =  v 
n  =  n*  =0 


(2.48a) 


while  k,  i,  k' ,  and  lx  are  unconstrained  indices.  These  conditions 
provide  a  nonzero  result  for  the  first  term  of  (2.46).  Index  constraints 
for  the  second  and  third  terms  are 

m  =  m* 
n  =  n’ 

k'  =  m  -  k  +  v 
=  n  -  i 
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(2.48b) 


and 


k  =  k' 


i  =  jg' 


(2.48c) 


The  average  of  BB*  is  now  performed  in  three  steps  by 
evaluating  the  three  terms  in  (2.46)  under  the  above  conditions,  respec¬ 
tively.  For  convenience,  these  separate  averages  will  be  denoted  by 
(BB*)1,  (BB*)2>  and  <BB*>3. 

When  (2.48a)  is  applied  to  BB*  as  defined  by  (2.47), 
the  summations  over  m,  n,  m',  and  n*  reduce  to  a  single  term,  leav¬ 
ing  a  fourfold  summation  over  k,  i,  k' ,  and  i * .  The  result  is 


(BB*)1  ss  cos2  0  (p  +  P7  cos  9)2  sinc2(XI)  sinc2(YI) 


^  ja(v  -  k)2  p  +  (p  -  aav)  b2(k 

Ir  f) 


g)l  *  ff(ak  ~  av.af) 
L2b(k,f) 


I  |.2Cv  -  k.)2  e  .  (p  -  cav)  bV  ,<•)  1  *Vk-'  -  »■»/') 
t’.f*  L  J  LV(k',|') 


The  limit  of  L  (BB*)^  as  L  goes  to  infinity  is  evaluated  by  the  same 
method  used  for  first-order  limits .  The  result  is  a  second-order  con¬ 
tribution  to  the  specular-direction  radar  cross  section, 


lim  L  (BB*)^  -  ■■  (1  +  72)2  5(p  sin  0  cos  0  -  Pa)  S(p  sin  0  sir  0) 


00 

jftf  [(pa  -  p)2  +  72b2(p,q)j  l^(pa-p')2  +  72b2(p’ ,q’)j 


W(p  -  Ba,q)  W(p*  -  p a.q*) 


b(p,q)  b*(p’,q’) 


<  pdq  dp'dq* 


(2.49a) 
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When  (2.48b)  is  applied, 


f 


s 


i 


('■ 


*  V  2  2  2 

{'  )2  -  ^  c°s  0  [p +b(m,n)  cos  0]  [p +b*(m,n)  cos  0]  sine  (XR)  sine  (YR) 

■tin 


[a2(m  -  k)(v  -  k)  p  +  (p  -  cam)  b2(k,i)l  *2  — } 
w  L  J  L  b(k,l) 


kf 


Ja2(k  -  v)  (k  -  m)  p  +  (p  -  cam)  b2(m  -  k  +  v,  n  -  f)J 


2  W(am  -  ak,  an  -  a Z) 

•  -JT  ■■■!■  . . 

n  2 

L  b*(m  -  k  +  v,  n  -  Vi 


2 

and  taking  the  limit  of  L  (BB*)2  as  L  goes  to  infinity  results  in 


lim  L' 

L-»  oo 


■*<"*>»  -  |j  { 


2  2 

cos  0  Cp  +  b(p,q)  cos  0] [p  +  b*(p,q)  cos  0]  4n 


5(P  sin  0  cos  0  -  p)  S(p  sin  0  sin  0  -  q) 


00 

■  jj  [<p-u 


)(pa  -u)  p  +  (pa-p)  b  (u,v)  (u  -  pa)(u  -p)  p 


,v)J  f(u  - 


+  (P  -  Op)  b2(p  -  u  +  v,  q  -  v)j 


W(u  -  pq,v)  W(p  -  u,  q  -  v) 

16  b(u,v)  b*(p  -  u  +  v,  q  -  v) 


dudv>  dpdq 


The  delta  functions  in  this  expression  allow  analytical  integration  over 
p  and  q.  After  integration,  the  variables  u  and  v  are  relabeled 
as  p  and  q  for  consistency  of  notation  with  previous  results. 


( 
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lim 
L-»  00 


2  4 


L2(BB*)9  =  "p-  (1  +  cos2  0)  cos2  0 


00 

JT  [' 


(p  sin  0  cos  0  -  p) 


+  (1 -a  sin  0  cos  0)  b2(p,q)J  ^((3  sin  0  cos  0  -  p)(pa  -  p) 

+  (1  -a  sin  0  cos  0)b2(g  sin  0  cos  0  -  p  +  pa,p  sin  0  sin  0  -  q)j 

W(p-pa,q)  W(p  sin  0  cos  0  -  p,  0  sin  0  sin  0-q)  dpdq 
b(p,q)  b*(p  sin  0  cos  0  -  p  +  pa,  0sin0sin0-q) 

(2.49h) 


This  expression  represents  a  second-order  contribution  to  the  nonspecular 
radar  cross  section.  In  Chapter  IV,  it  will  be  shown  that  the  roughness  - 
spectrum  arguments  in  (2.49b)  meet  the  conditions  for  double  Bragg  scat¬ 
ter;  that  is,  an  electromagnetic  wave  incident  at  an  angle  sin  (a)  is 
Bragg  scattered  by  those  surface  spectral  components  having  wave  numbers 
p  -  Pa  in  the  x-direction  and  q  in  the  y-direction.  These  scattered 
fields  are,  in  turn,  Bragg  scattered  in  the  (0,0)  direction  by  the  sur¬ 
face  spectral  components  of  wave  numbers  P  sin  0  cos  0  -  p  in  the  x- 
direction  and  P  sin  0  sin  0-q  in  the  y-direction  (Fig.  12).  Expres¬ 
sion  (2.49b)  is  an  integral  over  all  surface  spectral  components  that 
meet  the  Bragg-scattering  conditions  for  the  specified  angles  of  inci¬ 
dence  and  observation. 

When  (2.48c)  is  applied,  the  third-term  average  of  (2.46) 

becomes 


lim  L2(BB*) 
L->  co 


=  cos2  0  (1  +  cos2  0)2  jj  j^(p  sin  0  cos  0  -  p)(pa-p) 


+  (1  -  a  sin  0  cos  0)  b  (p 


,q)j 


(2.49c) 


w(p  -  Pa,q)  W(P  sin  0  cos  0  -p,  p.  sin  0  sin  0  -  q) 
b(p,q)  b*(p,q) 
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The  total  average  of  the 


BB*  term  in  the  limit  of  large  L  is  then 

lira  L2<BB*>  =  lim  L2(BB*)1  +  lim  L2<BB*>2  +  lim  L2(bb*>3 
L— >  oo  L— >  oo  L— >  00  L-4  oo 

When  these  averaging  and  limiting  procedures  are  per¬ 
formed  on  the  remaining  terms  and  cross  terms  in  (2.35)  and  the  results 

are  collected,  the  total  field  average  lim  (E_E*)/L  required  to  cal- 

L-4  oo 

culate  the  second-order  radar  cross  section  by  (2.29)  is  obtained.  The 
final  result  to  second  order,  including  the  zero  and  first-order  terms 
in  (2.44)  and  (2.45),  is  as  follows. 

For  specular  reflection: 


—  2  2 

Oyy  «  4sp  7  8(0  a  In  0  coa  0  -  0Ot)  6(0  sin  8  sin  0) 


j1  - 1 JJ  [iLieai- + b2<p•,,,  7][xht  *  *(p  *  ea’q)  dpdq 

V  Jill  [-£-"-eg-)-  +  b2(p,q>  rlpP'  ~pa>a  ♦  b2(p*,q')  rl  *(j>-  dpd<|  dpMq. 

l  7  Jl  7  J  b(p.q)  b*(p-,q*) 


(2.50) 


For  nonspecular  scattering: 


—  4  2 

Oyy  m  4x0  (a  *ln  8  -  co»  0)  W(0  *ln  9  oo*  0  -  0a,  0  sin  9  sin  0) 


W]{ 


[(0  »ln  6  -  p  oo*  0  -  q  gin  0)(0 a  -  p)  -  (a  sin  6  -  co»  0)  ba(p,q)]a 
b(p.q)  b*(p,q) 


[* 


«in  8  -  p  co*  0  -  q  »in  0)(8a  -  p)  -  (a  »in  8  -  co» 
b(p.q) 


0)  bT(p,q)j 


[(0sln6  cop  0  -  p)  [cos  0  (0a -p)  -gain  03  -  (a  pin  6  -  oos  0)  b  (ft  sin  8  cop  0  -  p  +  0C*  Bslnfl  sin 
b*0  Pin  8  co*  0  -  p  ♦  8Q,  £  sin  8  slxi  0  -  q) 


W(p  -  0a,  q)  W(0  sin  8  co*  0  -  p,  0  *ln  8  (in  0  -  q)  dpdq 


(2.51) 
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fi  KS!*»«WW*l»,»g I'/lWt^.^ur^^^^^.. _ _  „_  _ 


^wa"  •***-= 


The  same  techniques  employed  to  determine  a  can  be 
_  2 

used  to  derive  cr^  by  evaluating  lim  (E^E^}/L  for  incident  hori¬ 
zontal  polarization.  The  results  are  as  follows. 


I  € 


For  specular  reflection: 


—  2  2 

°im  “  **&  7  sin  e  008  0  -  to)  6(0  «m  6  «m  0) 


j1  -  I  to  Jj  [q2  +  +  w(p  -  pa.q)  dpdq 


♦  J  PV  fjjj  [q*  +  ba(p,q)irq'2  +ba(p*,q*>]  ,(J*  ~  PPt'P.ffi'  ~  P°lS'>  dpdq  dp»dq*l 
^  L  JL  J  b(p,,)  b*(p.,q.)  J 


(2.52) 


For  nonspecular  scattering: 


i . 


*  4  2  2  2 

aHH  "  ****  >  cos  0  008  ^  *0  8 i*1  0  co.  0  -  0a,  3  sin  0  sin  0) 


.  .4  2  2 

+  *3  7  co. 


)  jj  |(»a>  0  (0  «tn  8  co»  0  -  p)  q  -  q  co«  0  (B  »ln  e  »li>  0  -  q)  ♦  eo»  0  ba<p.q)j2 


b(p,q)  b*(p,q) 

tun  0  (p  »ln  0  co»  0  -  p)  q  -  q  OOP  0  (p  ala  fl  «ln  0  -  q)  ♦  con  0  b3<p.q)l 

b(p,q) 

[»ln0(p-Ba)(p«tn8«tn0- q)  -  q  con  0  (B  »la8  nln  0  -  q)  ♦  oon  gb^tgntng con  0-p  4-flg.  BnlaB  ■l»0-q)ll 
b*(p  nla  8  oon  0  -  p  +  00,  P  a  In  0  sin  0  -  q)  Jj 

(2.53) 


*(p  •  PQ,  q)  V(0  tin  0  ooa  0  -  p,  p  sin  0  -  q)  dpdq 


The  above  four  expressions  represent  per  unit  area  radar  cross  sections 
to  second  order  averaged  over  the  range  of  random  slightly  rough  surfaces 
defined  by  Eq.  (2.1).  They  are  valid  for  arbitrary  angles  of  incidence 
and  observation  but  are  restricted  to  static  infinitely  conducting  sur¬ 
faces  ;  furthermore ,  they  represent  only  the  expected  value  of  the  radar 
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cross  section  and  would  not  necessarily  correspond  to  the  cross  section 
measured  for  a  particular  sample  surface. 


D.  Radar  Cross  Sections  for  Time-Varying  Surfaces 

A  characteristic  of  radar  echoes  from  ocean  surfaces  is  the  doppler 
shift  imparted  to  the  incident  radio  wave  by  the  motion  of  the  ocean 
waves.  The  scattering  theory  developed  above  for  static  random  surfaces 
is  inadequate  for  predicting  this  feature  and  must  be  expanded  to  include 
time-varying  rough  surfaces . 

,  i 


1 •  Time-Varying  Surfaces  and  Scattered  Fields 

A  natural  extension  to  Rice's  theory  provides  a  model  for  ran¬ 
dom  time-varying  surfaces.  The  surface  is  again  a  Fourier  expansion  with 
random  coefficients,  but  the  expansion  is  now  in  time  as  well  as  in  space. 
With  the  time  factor  included,  the  surface  determined  by  (2.1)  becomes 


f (x,y,t) 


P(m,n,I)  exp[-ia(mx  +  ny)  -  iwlt] 


where  T  =  2«/w  is  the  time  period  of  the  Fourier  expansion  and  corre¬ 
sponds  to  the  spatial  period  L.  The  field  expansions  corresponding  to 
those  in  Section  A  are  in  the  form  of 


where 


E  = 


A  T 

mnl 


E(m,n,z,I) 


E(m,n,z,I)  =  exp[-ia(mx  +  ny)  -  ib(m,n)  z  -  iwlt] 


are 


The  statistics  of  the  time-varying  surface  Fourier  coefficients 


(P(m,n,I))  =  o 


(2.54a) 


53 


(P(m,n,I)  P(u,v,J)>  =  0 


(u,vfJ)  £  (-m,-n,-I) 


(2.54b) 


2if 

(P(m,n,I)  P*(m,n,I))  =  (P(m,n,I)  P(-m,-n,-I))  =  -5—  W(p,q,wl) 

LT  (2.54c) 

where  the  factor  of  2  in  (2.54c)  is  retained  from  the  Fourier  transform 
over  the  time  domain  (see  Section  A.l).  Although  this  does  not  follow 
Rice’s  convention,  it  allows  the  Fourier  transformation  of  the  autocor¬ 
relation  functions,  following  the  normal  convention. 

The  procedure  for  matching  boundary  conditions  and  solving  for 
the  coefficients  of  the  field  expansions  in  terms  of  the  surface  coeffi¬ 
cients  is  exactly  the  same  as  that  for  static  surfaces.  The  resulting 
field  expressions  are  those  previously  obtained,  (2.12)  and  (2.13),  ex¬ 
cept  that  P(m,n,I)  replaces  P(m,n),  Q(m,n,I  ,k,  i,J)  replaces  Q(m,n, 
k,f),  and  E(m,n,z,I)  replaces  E(m,n,z). 

When  the  Stratton-Oiu  integral  (2.27)  is  applied  to  the  time- 
varying  version  of  the  scattered  field  for  vertically  polarized  incidence 
(2.13),  the  0-component  of  the  field  scattered  by  a  finite  surface  be¬ 
comes 


Ee  = 


2ie(-lpR)L2 


4jtR 


-5  cos  0  cos  9  sine (XI)  sinc(YI)  e 


iw  t 
o 


+ 


-i(wI-io  )t 

cos  0  [p+b(m,n)  cos  9)  situ.(XiO  sinc(YR)  [E^  terms]  e  0 


B 


ikjR 

e 


+  a  s*-n  0  (P  +b(m,n)  cos  9]  sinc(XR)  sinc(YR) 

C 


[E  terms] 
y 


-i(wl-u)  )t  ik_R 
O  I 

e 


V  H  r.x  sinc(XR)  sinc(YR)  rr,  .  n 

+  >  -cos  9  (am  cos  0  +an  s*  J0) - r-? - ; - IE  terms] e 

£-l  b(m,n)  z 

mnl  _  _  -- 


-i(wl-w  )t 
o 


V) 


(2.55) 
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where  k^.  =  Iw  \f\Ie  and  to  is  the  incident  radian  frequency.  Implicit 
here  is  the  assumption  of  a  slowly  varying  surface,  as  can  be  seen  by 
considering  the  exponential  term, 

iCO  t  r 

E(m,n,z,I)  e  =  exp  -ia(mx  +  ny)  -  ib(m,n)  z  -  i(wl  -  wq)  t 

To  be  exact,  the  factors  b(m,n)  and  £  should  also  be  functions  of  I 
because  the  electromagnetic  propagation  constant  p  =  w/c  is  really 
p  =  (co^  -  Iw)/c ,  where  c  =  lA/jle  is  the  velocity  of  electromagnetic- 
wave  propagation.  Radar  observations  of  ocean  surfaces,  however,  indi¬ 
cate  doppler  shifts  on  the  order  of  hertz  for  incident  frequencies  in 
the  megahertz  region.  As  a  result,  (Wq  -  Iw)  =  is  allowed  in  the 
amplitude  factors  while  the  exact  formulation  for  the  phase  terms  (the 
exponential  terms)  is  retained.  Fortunately,  because  the  surface  of 
integration  is  taken  in  the  z  =  0  plane,  the  factor  b(m,n,I)  never 
appears  as  a  phase  term. 

2.  g(o))  Defined 

Before  proceeding  further,  the  derivation  of  a  useful  expres¬ 
sion  from  (2.55)  for  radar  cross  section  must  be  considered.  Because 
the  effects  of  surface  motion  appear  as  doppler  shifts  in  the  frequency 
of  the  radar  received  power,  it  is  convenient  to  express  the  per  unit 
area  radar  cross  section  as  a  distribution  over  frequency  (a  per  unit 
area  radar  cross  section  per  unit  frequency) .  The  time-averaged  scat¬ 
tered  power  per  unit  area  is  replaced,  therefore,  by  a  power  spectral 
density  per  unit  area  $(u)  in  expressions  for  incremental  radar  cross 
section.  Hence, 


cr(u) 


2 

4rtR  $>(w) 


(2.56) 


where  m  is  radio-wave  radian  frequency. 


For  a  given  function  of  time  E(t),  the  power  spectral  den¬ 
sity  <J>(w)  is  the  Fourier  transform  of  the  time  autocorrelation  func¬ 
tion  £R(r)  [Thomas,  1969,  Ch.  3],  where 

1 

£R(t)  s  lim  ^  E(t)  E*(t  +  t)  dt 
T— )  00  -'-00 


At  r  =  0,  3Kt)  =  91(0)  =  |E(t)  |2  where  the  bar  indicates  the  time  av¬ 
erage  . 

By  definition, 


«(<•>)  =  Z[&(t)] 


.i  r 

2rt  J 

•'—a 


£R( t)  e  dx 


As  a  check  on  consistency  of  definitions,  consider  the  per  unit  area 

+  o 

radar  cross  section1  cr  ,  where 


o 

a 


cr(u)  dw 


From  (2.5 2)  and  the  definition  of  $(u>), 


o 


a 


-iwr 

e 


dxdw 


When  the  order  of  integration  is  interchanged,  the  integral  over  w  de¬ 
fines  the  Dirac  delta  function  given  iu  Section  A.l.  Therefore, 


V  denotes  the  per  unit  area  radar  cross  section  of  a  time-varying 
surface  while  a  designates  static  surfaces.  Both  are  defined  in 
terms  of  time-average  scattered  power;  however,  the  power  scattered 
from  a  static  surface  is  monochromatic ;  the  power  scattered  from  a 
time-varying  surface  is  not. 
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5 


0°  =  f  S8(T>  S(T)  dT  =  4itB2  -teW-J 

l*i  I2  J-“  l*t  I 

where  Je <t )  |2  represents  the  per  unit  area  time-average  power  in  the 

o 

scattered  field.  This  expression  for  a  is  consistent  with  those  for 
a,  the  static-surface  incremental  radar  cross  section,  defined  in  Sec¬ 
tion  C.l;  however,  time  dependence  is  stated  explicitly  because  the 
scattered  fields  are  no  longer  simple  time-harmonic  functions. 

Equation  (2.55),  from  which  $(u)  must  be  obtained,  repre¬ 
sents  a  stochastic  process .  If  the  time  averages  of  all  orders  are 
equal  to  the  corresponding  statistical  averages,  the  process  is  called 
ergodic.  In  particular,  if  the  process  is  ergodic, 

£R(t)  =  R(t) 


where  R(t)  is  the  statistical  autocorrelation  function  from  which 
<J>(w)  can  be  calculated.  For  Eq.  (2.55),  R(t)  =  R(t^-tg)  =  (Eg(t^) 

Although  ergodicity  is  generally  impossible  to  prove  for  a 
given  process,  there  are  times  when  it  can  be  reasonably  assumed  from 
the  physical  mechanism  generating  the  process.  For  a  homogeneous  ocean 
surface  where  the  wind  has  been  blowing  steadily  for  a  long  time  and  the 
wave-height  statistics  are  independent  of  time,  ergodicity  is  often  as¬ 
sumed  for  the  random  process  describing  surface  height.  The  process 
represented  by  (2.55)  is  taken  to  be  ergodic  by  the  argument  that  the 
scattered-field  statistics  are  generated  by  the  scattering  surface. 

Assuming  ergodicity,  the  radar  cross-section  expression  (2.56) 

becomes 


<j(«)  =  4«R 


2  «<W  Ee<t2»I 


(2.57) 


where 


as  before,  and 


W  Eo<t2)>/1'2  - 
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3. 


Calculation  of  cfyy(oj) 

The  derivation  of  a^(w) ,  the  radar  cross  section  per  unit 
area  per  unit  frequency,  follows  that  of  cr  in  Section  C.4.  The  av- 
erage  (E^(t^)  is  found,  the  limit  is  taken  as  L  and  T  go 

to  infinity,  and  a  Fourier  transform  places  the  result  in  the  frequency 
domain. 

For  time-varying  surfaces  and  using  the  abbreviated  notation 
in  (2.55),  Eq.  (2.35)  becomes 

VV  E0<t2>  -  ~T2  {a(V  a*(V  +  B(V  B*(V  +  C(V  C*(V 

4n  R  v 

+  D(t1)  D*(t2)  +  [a^)  B*(t2)  +  B(t1)  A*(t2)J  +  ...| 

(2.58) 

The  averages  of  the  various  terras  are  calculated  to  zero ,  first  and  sec¬ 
ond  order  as  before. 


a .  Zero  and  First  Order 

The  AA*  term  contains  no  random  variables  (zero  order) 


and  is 


(A(t^)  A*(tg))  =  ^  (7  +  cos  0)2  cos2  0  sinc2(XI)  sinc'&(YI)  e 


2 _  ‘WV 


2 

Taking  the  limit  of  L  (A(t^)  A*(tg))  as  L  goes  to  infinity  produces 


lim  L2(A(t^)  A*(tg) )  =  4«2  (7  +  cos  0)2  cos2  0  S(p  sin  6  cos  0,  -  pci) 

L— >  00 

iw  t 

•  5(P  sin  6  sin  0)  e  °  (2.59) 
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where  t  =  t^-tg  and,  from  Eq.  (2.40), 

O  <»T 

11m  L  sine  -g-  =  2«S(x) 

L-»  CO 


The  Fourier  transform, 


ZM 


■4/ 


oo  -i(io-w  )t 
M  e  °  dr 


provides  the  power  spectral  density  from  the  autocorrelation  function 
(2.59), 


S£[R  ]  »  4 jt2^2^2  SO  sin  ©  cos  0  -  pa)  S(f3  sin  0  sin  0) 


£1 


00  -i(U-O)  )T 

o 

e  dT 


(2.60) 


where 


=  lim  L  <A(t1)  A*(t2)> 


L— > 00 


cos  0=1 

2  a  2 
cos  0  =  7 


from  the  delta  functions .  The  integral 


h[ 


oo  -i(o)-a)  )t 
e  °  dT 


is  the  Fourier  transform  of  a  constant  (unity  in  this  case)  and  is 
S(gj- oO  from  the  previous  definition  of  the  Dirac  delta  function.  The 
AA  contribution  to  the  power  spectral  density  per  unit  scattering  area 
is  then 
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2  2  2 

<£^((<0  =  “  4lt  3  7  6(P  sin  0  cos  0  -  &0L )  50  sin  6  sin  0)  &(w  -  u>q) 


(2.61) 


and  represents  power  scattered  in  the  specular  direction  at  the  incident 
radian  frequency  coq. 

The  addition  of  time  variation  to  the  slightly  rough  sur¬ 
face  does  not  affect  the  zero-order  scattered  power  (power  reflected  from 
a  planar  surface)  except  to  specify  its  frequency.  The  total  average  re¬ 
flected  power  is  the  same  for  both  time-varying  and  static  surfaces  ;  for 
the  t-t'ie -varying  surface,  it  is  [except  for  the  multiplicative  factor  of 


22-1 
(4n  R  ) 


] 


or,  equivalently, 


^(u)  dw 


VT> 


Performing  the  indicated  integration  eliminates  S(w-U)  )  from  (2.61) 

o 

which  then  becomes  identical  to  the  average  power  term  (2.41)  for  the 
static  surface. 

First-order  terms  contributing  to  power  scattered  in  the 
specular  direction  are  derived  from  the  cross  terms  involving  A  in 
(2.58).  As  an  example,  consider  the  cross  term 


A(tj)  B*(tg)  =  “  f  (7  +  cos  0)  cos  0  sine (XI)  sinc(YI)  e 


iw  t, 
o  1 


^  cos  0  Cp  +  b*(m,n)  cos  0]  sinc(XR)  sinc(YR) 


mnl 


i(wl-w  )t.  -ik_R 

O  6  X 

e  e 


2,  a2(m -k)(v -k)3  +  (p-C»m)  b2(k,f)  Q*(m,n,I  ,k,f  ,J) 
kfj  L  J 


(2.62) 
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«y  y  TO-yr^pyi^yi 


where  only  those  parts  that  produce  first-order  terms  (product  of  two 
random  variables)  have  been  included.  The  average  of  (2.62)  is  nonzero 
only  if 


(Q*(m,n,Ifk,f,J))  -0  0 


where 


Q* (m,n, J)  =  P*(k  ~  v>l»J>  p*<m  -  k,  n  -  l,  I  -  J) 

b*(k,^) 


Under  the  restrictions  on  m,n,I,  the  first  summation  reduces  to  a  sin¬ 
gle  term  where,  again, 


{. 


?  (■: 


b (m,n)  ~»b(v,0)  =  £7 
sinc(XR)  -» sine (XI) 
sinc(YR)  -»  sine (YI) 

The  average  becomes 


(AB*)  =  -  §  (7  +  cos  0)  cos2  0  sinc2(XI)  sinc2(YI)(p  +  £7  cos  0) 


iWQ(t,-t„) 


12  V  f  2  2  2  1 

4  [a  (v  -  k)  P  +  (p  -  Q&v)  b  (k,i)  I 

k£J  J 


.  w(ak  -  av,af,wJ) 
L2T  b*(k,i) 


When  the  limit  of  L  (AB*)  is  taken  as  L  and  T  go  to  infinity. 


ak  -»p 
af  — >  q 
wJ  ->  il 
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and  the  summations  become  integrals  over  k,  f,  and  J.  The  variables 
of  integration  are  then  -Langed  to  p,  q,  and  H  with  the  result  that 


2  3  2 

lim  (AB*)  =  -4 n  P  y  (1  +  y  )  5(p  sin  0  cos  0  -  Pa)  &(p  sin  9  sin  0) 


L,T->  oo 


•  e‘V  fjjf  U  -  p)2  +  7V(p,,)1  ■- 


dpdqdft 


4b  (p,q) 


The  Fourier  transform  of  R  yields  another  delta  func- 

n.u 


tion  in  frequency, 


^4T,(w)  -  ZCR^l  =  -n2p37(l +y2)  8(psin  0  cos  0- pa)  B(psin0  sin0)  5(w- w^) 


00 

•  JJJ  [(w  -p)2  +  72b2(p,q)J  dpdqdfl 


b*(p,q) 


(2.63) 


Again  power  is  scattered  in  the  specular  direction  but,  surprisingly, 
only  at  the  incident  wp^e  frequency  although  this  power  depends  on  a 
rough,  rather  than  planar,  time -varying  surface. 

The  remainder  of  the  cross  terms  in  (2.58)  involving 
A(t)  are  similar  to  (2.63)  and,  when  combined  as 


CTyyXu)  =  4i(R' 


(Jr2)  t' 


VW)  +  +  $BA<W)  +  \c(U)  + 


determine  the  specular  radar  cross  section  per  unit  area  per  unit  fre¬ 
quency  to  first  order, 
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I 


(U)  =  4itpV  60  sin  0  cos  0  -  pa)  50  sin  6  sin  0)  8(w  -  «*>0) 


.  {x .  S  jj 

(  -00  L 

•  yho + s4^t]  #<p  -  pa’q'fl)  ipd,dt!l 


(2.64) 


The  nonspecular  radar  cross  section  to  first  order  in¬ 
volves  the  terms  in  (2.58)  that  do  not  contain  A(t) .  For  example, 

B(t  /  C*(t  )  =  'S  cos  0  [(3  +  b(m,n)  cos  0]  sinc(XR)  sinc(YR) 


•  i(caam  -  0)  p(m  -  v,n,I)  e 


-i(wI-wo)t1  ikjR 


.  ^  -sin  0  [0  +  b*(m*  ,n')  cos  0]  sinc(XR')  sinc(YR') 


m’n*r 


i(wI’-wo)t2  -ikj,R 

.  laan’P^m1  -  v,n» ,!’)  e  e 


(2.65) 


where  only  the  first-order  -or ms  are  retained. 

From  condition  (2.54c),  a  nonzero  average  requires 
m  =  m*  ,  n  =  n’ ,  and  1  =  1’,  thereby  reducing  the  average  of  (2.65)  to 


^  2  2 
(BC*)  =  J  sin0cos0  0  +  bfm,n)  cos  0]  O +  btm,n)  cos  0]  sine  (XR)  sine  (YR) 

mnl 

.  c,  (Ohm  -  (3)  e*p[-i(wl  -  <0(tx  -  tg)] 

3 

.  HlL  w(am  -  av,an,wl) 
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"I*  *•**  "  <  t-  f «r?cy>  •  If  -y  ^  -  -  -Ngiws  -—,  -  . :,-,  " 


Taking  the  limit  of  large  L  and  T  and  changing  the  variables  of  in¬ 
tegration  as  in  the  previous  example  gives 


lim  L2(BC*)  =  4rt2  jjl  cos  0  sin  0  [p+b(p,q)  cos  0]  [(3  +b*(p,q)  cos  0] 
L,T-»  oo  -co 


S(P  sin  0  cos  0  -  p)  8(p  sin  0  sin  0  -  q) 


•  ontap  -  p>  e'l(<!'“o>T  i$E_z  ShSLV  dpaw!1 


The  delta  functions  are  used  to  integrate  analytically  over  p  and  q. 


lim  L2 (BC* )  =  rt2  cos  0sin0  p^(l +cos2  0)2[asin0  sin0(asin0  sin0- 1)] 

L  j  T  — >  oo 


f 

-'—Oi 


W(p  sin  0  cos  0  -  Pa,  p  sin  0  sin  0,fi)  e 


-i(Q-u)  )t 


dH 


=  R, 


BC 


In  Fourier  transforming  the  above,  the  order  of  integration  is  exchanged . 
For  the  integral  alone, 


r-4  r 

*/-oo  L  — o 


W(p  sin  0  cos  0  -  pa,  P  sin  0  sin  0,fi)  e 


-i(ft-w  +u)t 


da 


J 


■£ 


5(ft  -  +  u)  w(p  sin  0  cos  0  -  pa,  p  sin  0  sin  0,Q)  d 


=  W(p  sin  0  cos  0  -  pa,  p  sin  0  sin  0,  -  <■)) 


The  spectral  density  for  the  BC*  term  is  then 
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2  4  2  2 

$BC(u)  =  it  cos  0  sin  0  0  (1  +cos  0)  [a  sin  0  sin  0  (asin 0  sin  0  -  1)] 
•  W(0  sin  0  cos  0  -  0a,  0  sin  0  sin  0,  -  to) 

Again,  the  remainder  of  the  first-order  products  in  (2.58) 
have  similar  spectral  densities  and  combine  to  determine  the  first-order 
nonspecular  radar  cross  section  per  unit  area  per  unit  frequency, 


4  2  » 1  * 

Oyy(w)  a  4it0  (a  sin  0  -  cos  0)  W(0  sin  0  cos  0  -  0a,  '0  sin  0  sin  0,  wq-w) 

(2.66) 

Unlike  the  specular  cross  section,  the  nonspecular  cross  section  provides 
for  returned  powers  at  other  than  the  incident -wave  frequency.  Because 
specular  pover  contains  a  single  frequency,  specular  scattering  in  this 
case  is  also  coherent  scattering;  the  nonspecular  power  containing  a 
spread  of  frequencies  is  referred  to  as  incoherent  scattered  power. 


b.  Second  Order 

Second -order  terms  for  time-varying  surfaces  are  derived 
in  the  same  manner  as  those  for  static  surfaces  except  that  the  statis¬ 
tical  averages  must  be  Fourier  transformed.  Recall  that  the  second-or¬ 
der  terms  are  those  containing  the  product  of  four  random  variables  in 
the  form  of  Q(m,n,I,k,f  ,J)  Q*(m‘  ,n*  ,1*  ,k*  ,f' ,  J*) .  The  average  of  QQ* 
is  expanded  into  three  terms  as  before, 


.  (P(k-v.i.J)  P(n  -  k ,  n-l,  I-J)HP<v-k'.  -l.-J*)  P(k,-»», 

b(k,i)  b*(k 

(P(k-v.i.J)  P(k« -a',  i»  -  n«,  J*  -  X* )  )(P(w  -  k,  n  - I-J)  P(  v  -  k»  ,-V  ,-J')) 

b(k,i)  b*(k' ,/’) 

+  (POt-v.i.J)  P(v-kt.  -i*  -  J»))(P(a-k.  n-i,  I-J)  P<k'~w*.  «  n»,  J» -!»)) 

b(k,i'  b*(k»,/») 


(2.67) 
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For  nonzero  averages  in  the  first  term,  the  index  constraints  are 


% 


( 


\ 


l. 


m*  ss  m  =s  v 

n’  =  n  =  0  (2.68a) 

I*  =  I  =  0 

and  are  analogous  to  those  of  (2.48a)  for  the  static  surface.  The  con¬ 

ditions  for  nonzero  averages  for  the  second  and  third  terms  are 

mam'  k*  =  m  -  k  +  v 

n  =a  n*  Jt*  sat  n  ~  £ 

I  as  I*  J*  =  I  '  J 

and 

m  as  m'  k  =  k* 

n  as  n’  £  =  £• 

1  =  1'  J  =  J' 

A  typical  term  in  (2.58)  is  evaluated  t  >  illustrate  the 
technique  used  tc  find  the  second-order  time-varying  radar  cross  sec¬ 
tion.  All  second -order  terms  are  similar,  and  theLr  averages  are  com¬ 
puted  hy  means  of  the  three-term  expansion  (2.67).  As  in  the  static- 
surface  second-order  example,  the  typical  term  is 

V-’  — i(wl— (0  )t 

B(t  )  B*(t_)  =  /  cos  0  Cp  +  b(m,n)  cos  0]  sine (XR)  sinc^YR)  e  ° 

mnl 


*  e  1  ^  [a2(m  -  k)(v  -  k)  P  +  (p  -  cam)  b2(k,f)l 

kfJ  L  J 

•  Q(m,n,I,k,fJ)  (2.69) 


(2.68b) 


(2.68c) 


■  l 


cos  0  [p  +  b*(m,>n')  cos  0]  sinc(XR*)  sinc(YR') 


iCwI’-w  )t  -ik  ,R 


^  [a2(m’  -  k’Xv  -  k’)  p  +  (p  -  Cftm’)  ^(k’.i’)] 

t  ffl  T»  L  J 


k'fJ 


Q*(m* ,n* ,1* ,k* ,f* ,J') 


(2.69) 
Cont . 


The  three  averages  corresponding  to  the  three  terms  in  (2.67)  are  de¬ 
noted  as  (BB*)2,  and  (BB*)^  and  are  evaluated  by  using  tbe 
conditions  stated  in  (2.68). 

Applying  condition  (2.68a)  to  the  average  in  (2 .69)  yields 


(BB* )  =  cos2  0  p2(l  +  7  cos  0)^  sinc^XI)  3inc2(YI)  e  ° 
•  ^  [a2(v  -  k)2  p  +  (p  -  av)  b2(k,f)l 

W.Tlr*0*T»  L  J 


2  .  2 , 


kfJk'f’J 


Ja2(v  -  k*)2  p  +  (p  -  Q&v)  b2(k»,f»)J 


W(ak  -  av,a£,wj)  W(ak*  - 


1  -  a v,&Z'  ,wJ* )  /2it3 
',i*)  \TL2 


b(k,i)  b*(k 


The  limit  of  L  (BB*)^  as  T  and  L  go  to  infinity  is  taken  as  be¬ 
fore.  Fourier  transformation  provides  a  delta  function  in  frequency 
because  of  The  e*^T  term,,  and  the  result 
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as  p*(l  +  72)2  5(p  sin  0  cos  0  -  pa)  6(p  sin  0  sin  0)  &(io-u>o) 


•  fjfjjf  JVpof  -  p)2  +  72b2(p,q)J^(pa  -  p*)2  +  72b2(p’,q')J 


W(p  -  pa,g,fl)  W(p»  -  pa,q,,nt) 
b(p,q)  b*(p,q) 


dpdqdfi  dp’dq'dO’  (2.70a) 


is  a  second-order  contribution  to  the  specular  radar  cross  section. 

Applying  condition  (2.68b)  to  (2.69)  and  averaging  provides 

<BB*>2  -  J  cos2  0  Cp  +  b(m,n)  cos  0]  [,'  +  b*(m,n)  cos  0] 


-i(wI-O)  )T 

•  sine  (XR)  sine  (YR)  e 


*  [a2<:a  " 
lr  0.1  L 


k)(v  -  k)  3  +  (p  -  Qfcm)  b  (k, 


|a2(k  -  v)(k  -  m)  p  +  (p-aam)  b2(m  -  k  +  v,  n  -  i)J 


W(ak  -  av,ai,wJ)  W(am  -  ak,  an  -  al,  wl  -  wJ) 
b(k ,Z)  b*(m  -  k  +  v,  n  -  f) 


In  the  limit  of  large  L  and  T ,  a  sixfold  integral  is  encountered; 
however,  the  sine  functions  become  delta  functions  and  two  of  the  inte¬ 
grations  can  be  performed  by  inspection, 


lim  L2<BB*>2  =  ~  cos2  0  p^(l  +  cos2  0)2  f  e 


00  -iffl'-OI  )t 
o 


L,T-»  oo 


(P  sin  0  cos  0  -  p) (pa  -  p)  +  (l  -  a  sin  0  cos  0)  b2(p,q)J 


*  |^(p  -  pa)(p  -  p  sin  0  cos  0)  +  (1  -  a  sin  0  cos  0) 

2  *i 

•  b  O  sin  0  cos  0  -  p  +  pa,  p  sin  0  sin  0  -  q) 

.  W(p-Pa,q,fi)  W(p  sin  0  cos  0  -  p,  psin@sin0-a.  -  fil  ) 

~  " T" '  - - - - — — - -  dpdqdft >  dfl* 

b(pfq)  b  (sin  0  cos  0  -  p  +  pa,  p  sin  0  sin  0  -  q)  I 


Fourier  transformation  yields  the  delta  function  &(n*  -u  +w)  \rtiich 

o 

allows  analytical  integration  over  ft* .  The  re  ult  is 


Ti  2 

<I)BB2('J,)  =  T  cos  0  P4<1  +  cos2  0) 


2 


CO 

jjj  [(P  sin  0  cos  0-p)(pa-p)  +  (1  -  a  s in  0  cos  0)  b2(p,q)J 


[(p  -  pa)  (p 


p  sin  0  cos  0)  +  (1  -  a  sin  0  cos  0) 


2  -> 
b  (p  sin  0  cos  0  -  p  +  pa,  p  sin  0  sin  0  -  q) 

W(p  -  pa,q,n)  W(Psin0cos0-  Psin0sin0-q,  u  -  w  -  ft) 
—  -  -  o _ 

b(p,q)  b*(p  sin  0  cos  0  -  p  +  pa,  p  sin  G  sin  0  -  q) 


dpdqdfi 


(2.70b) 


To  find  the  third-term  average  (2.68c),  the  procedure  is 
the  same  as  for  the  second-term  average.  After  averaging,  limiting,  and 
transforming, 


As  in  the  static-surface  case,  (BB*)^  contributes  to 
the  specular  cross  section,  and  (BB*)2  and  (BB*)3  contribute  to  the 
nonspecular  cross  section. 

When  all  terms  in  (2.58)  have  been  evaluated  to  second 
order  in  the  manner  described  for  B^)  B*(t2> ,  they  are  combined  and 
used  in  (2.57)  to  arrive  at  the  second -order  radar  cross  section  per 
unit  area  per  unit  frequency.  The  radar  cross  sections  to  second  order 
(including  zero-  and  first-order  terms)  are  as  follows. 


Coherent : 

o^v<u)  »  4k02 y2  (0  tin  9  oo»  0  -  0a)  6(0  slo  0  aln  0)  6<d >o  -  u) 

•  j1  - !  jf  ♦  7b2(p’,)][^ +  *(p  -  9a><,'n) 

•  i  Iff!  ♦  r>v.<->] 

(2.71) 


b(p,q)  b*(p’,<j’> 


■  dpdqdfl  dp’dq'dfl' 
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(. 


Incoherent : 


Expressions  (2.71)  through  (2.74)  for  the  second-order 
bistatic-radar  cross  sections  per  unit  area  per  unit  frequency  for  a 
slightly  rough  time-varying  surface  are  the  major  results  obtained  in 
this  chapter.  They  represent  radar  cross  sections  in  terms  of  the  sur¬ 
face-height  directional  spectrum  and  will  be  used  in  Chapters  IV  and  V 
to  analyze  ocean  surfaces . 


E.  Effects  of  Finitely  Conducting  Surfaces 

For  smooth  surfaces,  the  difference  between  fields  reflected  by  a 
perfect  conductor  and  those  reflected  by  a  good  conductor  are  small, 
except  at  vertically  polarized  grazing  incidence;  Jordan  (1950,  pp.  621- 
623)  provides  examples  of  these  differences  in  the  form  of  dipole  far- 
field  radiation  patterns.  Vertically  polarized  waves  propagating  along 
a  finite  conductor  are  continuously  attenuated  by  ohmic  losses  until,  at 
large  distances  from  the  source,  they  are  no  longer  detectable.  No  such 
attenuation  occurs  along  perfect  conductors.  On  the  other  hand,  tangen¬ 
tial  boundary  conditions  cause  horizontally  polarized  fields  to  vanish 
at  grazing  incidence  for  both  perfectly  and  finitely  conducting  surfaces . 

For  the  slightly  rougl.  surfaces  considered  here,  the  assumption  of 
perfect  conductivity  causes  a  singularity  in  the  expressions  for  the 
scattered  field.  As  might  be  expected,  this  singularity  is  associated 
with  radio  waves  propagating  along  the  surface;  however,  both  md 
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t 


I 


c 


i: 


c 


cr_,  exhibit  singularities  because  of  depolarization  caused  by  surface 
roughness . 

When  b(p,q)  =  0,  (2.71)  through  (2.74)  become  singular,  surpris¬ 

ingly,  at  all  angles  of  incidence  and  observation.  By  the  definition  in 
(2.5),  b(p,q)  represents  the  z-component  of  the  radio-wave  propagation 
constant  for  a  wave  in  which  p  and  q  denote  the  x-  and  y-components 
of  propagation,  respectively;  therefore,  when  b(p,q)  =  0,  propagation 
occurs  entirely  along  the  x,y-plane  or  mean  scattering  surface.  For  fi¬ 
nitely  conducting  surfaces,  however,  there  is  always  a  component  of  prop¬ 
agation  directed  into  the  surface  to  provide  for  ohmic  losses  (Fig.  14) 
and,  as  a  result,  the  z-component  of  propagation  cannot  be  represented 
entirely  by  b(p,q).  In  Chapter  IV,  the  radio  wave  defined  by  p,q,  and 
b(p,q)  is  identified  as  the  intermediate  scattered  wave  associated  with 
double  Bragg  scattering;  consequently,  it  can  assume  grazing  propagation 
independent  of  the  incidence  and  observation  angles . 

Including  the  effects  of  finite  conductivity  in  (2.71)  through 

(2.74)  not  only  allows  evaluation  of  a  __  and  c  ,  but  also  provides 

VV  nH 

a  more  realistic  scattering  model .  For  good  conductors  such  as  sea  water 
and  only  slightly  rough  scattering  surfaces ,  the  effects  of  finite 


Fig.  14.  PROPAGATION  .’-0JNG  A  FINITE  CONDUCTOR .  Ver¬ 
tically  polarized  waves  propagating  along  a  surface 
of  finite  conductivity  are  tilted  slightly  toward 
the  surface,  thereby  providing  a  component  of  prop¬ 
agation  into  the  surface.  Power  flow  info  the  sur¬ 
face  accounts  for  ohmic  losses  arising  from  riold- 
indUced  currents  flowing  in  the  fnite  conductor. 
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conductivity  are  most  apparent  at  vertically  polarized  grazing  propaga¬ 
tion.  Under  these  conditions,  deviation  from  perfect -conductor  theory 
is  explained  by  the  small  component  of  wave  propagation  directed  into 
the  surface.  The  equations  for  and  are  modified  by  replac¬ 

ing  b(p,q)  with 

b(p,q)  +  Spz 

where  8p  represents  the  z -component  of  the  propagation  constant  for 
z 

grazing  conditions  [b(p,q)  =  0].  The  substitution  is  justified  only 
if  88  is  small  compared  to  b(p,q),  except  near  grazing  propagation. 

Z 

The  procedure  used  here  to  determine  5^  follows  that  of  Jordan 
(1965,  pp.  204-207).  A  vertically  polarized  plane  wave  propagating 
along  the  interface  between  air  and  a  finitely  conducting  smooth  surface 
is  assumed  (Fig.  14).  There  are  no  variations  in  the  y-direction;  vari¬ 
ations  in  the  x-direction  are  designated  by  e  ^°X  in  the  air  and  by 
e  ^lX  in  the  conductor.  Variations  in  the  z-direction  are  to  be  deter¬ 
mined  . 

The  following  are  Maxwell’s  equations  in  source-free  time-harmonic 
form .  , 

In  air: 

dE 

-r —  +  7  E  —  —  iWu  H 
oz  'o  z  o  y 

-  y  H  =  iooe  E 

'o  y  o  z 

dH 

-  -d  -  ‘“A  <2-75»> 


Within  the  conductor: 


dE 

■5T  +  71EZ  =  _i%H: 

-  7* 


dH 


( a  +  icoe, )  E 
c  1  z 


(a  +  icoe, )  E 
c  lx 


(2.75b) 
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where  e  and  n  represent  the  permittivity  and  permeability  of  the 
media.  Subscripts  o  and  1  refer  to  the  air  and  conductor  regions, 
respectively.  Conductivity  in  region  1  is  <xc.  Combining  these  ex¬ 
pressions  produces  the  following  results. 


In  air: 


2  1 
(i)  |i  e 

o  o 


h 


2 


o 


H 


y 


(2.76a) 


Within  the  conductor: 


(2.76b) 


Tue  solutions  to  these  are  as  follows. 


In  air: 


H 


y 


h  z  -h  z 

o  o 

c!e  +  c2® 


Within  the  conductor: 

hjZ  -h.jZ 

Hy  =  C3e  +  C46 

Taking  the  positive  square  root  for  h2  requires  c±  and  c 4  to  be 
zero  for  finite  fields  to  exist  at  z  =  ~  in  air  and  at  z  -  in 
the  conductor . 

Including  the  x-variation  in  the  expressions  .or  yields  the 

following  results. 


In  air: 


H 


y 


C26 


-h  z 
o 


Within  the  conductor: 


H 


y 


C36 


V 


These  expressions  must  be  equal  at  the  interface  z  =  0  to  maintain  the 

continuity  of  Hy;  therefore,  c2  =  c3  and  7Q  =  7±> 

From  Maxwell's  equations  and  the  expressions  for  H  , 

y 

In  air: 


E 

x 


ho°a 

iue 


-h  z 
o 
e 


-7  x 
o 
e 


In  the  conductor: 


E 


x 


~hlc2  V  -V 

a  +  iwe1  e  e 
c  1 


Again,  for  continuity  of  fields,  the  two  expressions  for  must  be 

equal  at  the  interface ;  therefore , 


h  = 


2  2,2 
-w  e  h., 
o  1 


(d 


+  iwe^ 


(i6Pz>‘ 


For  sea  water  with  conductivity  o ~  4.0  mhos/m  and  permittivity 
€l  «  0.72  x  10“9  F/m, 


a  »  <>'( , 
c  1 


at  the  radio  frequencies  of  interest  (less  than  30  MHz);  then, 
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*■*  "*“  ^?=4»^p35eso««  T^sT^wresr* «s*. 


h  a  isp  «  ip(l  +  i) 
o  z 

where  3  =  °{Jii  €  Is  the  radio-wave  propagation  constant  in  air,  and 
|io  «  |i^  is  assumed. 

Using  the  expression 


Z  =  (1  +  i) 

S 

[Ramo  and  Whinnery,  1953,  p.  239]  for  tn.6  conductor  surface  impedance 
results  in  the  simple  form, 


Z 

SB  =  (3  -f  =  PA  (2.77) 

z  t] 

where  T]  =  ,Jp.  /€q  i s  the  characteristic  impedance  of  free  sp~ce,  and 
A  represents  the  normalized  surface  impedance  of  the  conductor.  At  30 
MHz,  the  normalized  impedance  for  a  smooth  ocean  surface  is  A  =  0.0144 
(1  + i) .  For  a  smooth  perfectly  conducting  surface,  the  z-component  of 
the  propagation  constant  can  be  written  as 

b(p,0  =  P  cos  6 

The  angle  0  at  v&ich  p  cos  6  -  |5p  |  is  88.8°;  consequently,  6B 

z  z 

is  small  compared  to  b(p,q),  except  near  grazing  propagation  (0  = 
90°).  Barrick  (1971)  has  calculated  the  increase  in  ocean-surface  im¬ 
pedance  caused  by  roughness  and  indicates  that  the  total  normalized 
surface  impedance  is  still  small  compared  to  b(p,q).  Although  the 
modifications  to  (2.71)  through  (2.74)  are  slight  in  this  case,  they 

are  sufficient  to  allow  evaluation  of  a,_.  and  a . 

W  HH 
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Chapter  III 
HYDRODYNAMIC  THEORY 


A  theory  was  developed  in  Chapter  II  for  electromagnetic  wave  scat¬ 
tering  from  a  slightly  rough  surface,  resulting  in  expressions  relating 
incremental  radar  cross  section  per  unit  frequency  to  the  scattering 
surface -height  spectrum.  In  this  chapter,  the  ocean  surface  is  examined 
to  determine  the  salient  features  of  its  surface-  or  wave-height  spec¬ 
trum. 

In  Section  A,  the  equations  of  motion  and  boundary  conditions  re¬ 
quired  to  describe  the  ocean  surface  are  developed  and  found  to  be  non¬ 
linear.  Because  of  the  boundary-condition  nonlinearities,  perturbation 
techniques  are  employed  to  solve  the  equations  of  motion,  again  only  to 
second  order.  The  result  is  a  surface-height  spectrum  composed  of  first- 
and  second-order  terms.  The  first-order  spectrum  is  the  superposition 
of  sinusoidal  waves,  each  of  which  obeys  a  wave  equation  and  a  first-or¬ 
der  dispersion  relationship.  The  second-order  spectrum  is  a  result  of 
the  nonlinear  interactions  of  the  waves  in  the  first-order  spectrum. 

In  Section  B,  Tick’s  perturbation  method  [Kinsman,  1965,  p.  588] 
is  expanded  to  three  dimensions ,  and  a  second-order  wave-height  spectrum 
is  derived  in  terms  of  a  general  first-border  spectrum.  Section  C  pre¬ 
sents  some  of  the  first-order  wave-height  directional  spectra  that  have 
been  postulated  for  ocean  surfaces .  A  model  for  ocean  swell  is  proposed 
in  Section  D. 


A.  Equations  of  Motion  and  Boundary  Conditions 

The  development  of  the  equations  of  motion  and  boundary  conditions 
presented  here  follows  that  of  Kinsman  (1965,  <3i.  2). 


1.  Equation  of  Motion,  Continuity  Equation,  and  Velocity 
Potential 

The  development  of  the  equation  of  motion  begins  with  Newton’s 
second  law  of  motion, 


(3.1) 


+? 

dt  p  g 


where  u  is  the  velocity  and  and  f  are  pressure  and  gravity 

forces  per  unit  mass  (Fig.  15).  Other  forces  associated  with  fluids 
(such  as  friction,  surface  tension,  and  Coriolis)  are  neglected  because 
they  have  little  effect  on  the  2  to  400  m  ocean  wavelengths  of  interest 
here  (Kinsman,  p.  23]. 


UNIT  MASS 


GRAVITY 

FORCE 


TRAJECTORY 


p  PRESSURE  FORCE 


Fig.  15.  FORCES  ON  A  UNIT  MASS. 


Tlie  total  time  derivative  of  a  component  of  u  is  written  as 


du  du  du  .  du  .  du  . 
x  x  x  dx  ,  x  dy  .  x.  dz 

IT  “  Ht  +  IS"  dt  +  "57  dt  +  "3T  dt 


du  du  du 

•5#  =  *  «_  ^  +  U 


•dT  =  ir  +  ux"5T+uy-ST+uz-S- 


The  time  derivatives  of  the  y-  and  z-components  are  similar  and,  when 
these  three  components  are  combined,  the  total  derivative  can  be  written 
in  vector  form  as 


du  <)u  1  .  - 

—  =  —r  +  r;  V(u  •  u)  +  (V  X  u)  X  u 

dt  dt  2 


0 
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where  V  is  the  gradient  operator  and  Vx  is  the  curl  operator. 

The  pressure  force  in  (3.1)  it  obtained  by  considering  a  small 
volume  of  fluid  5x,  5y,  5z  with  pressure  p  at  its  center  (Fig.  16). 


•iHr8* 


PRESSURE  p  AT  CENTER 


&z  o  ^  *  dit 


i  l'' 

ry  N—  8x-*^ 


Fig.  16.  PRESSURE  ON  A  SMALL  VOLUME  OF  FLUID. 


The  force  in  the  x-direction  is  the  difference  between  the  force  at  the 
face  with  x-coordinate  6x  and  at  the  face  with  the  coordinate  %  6x 
with  respect  to  the  center  of  the  volume .  The  pressure  at  the  first  face 


1  dp  R 

P  '  2  5  5X 


and,  at  the  second  face,  is 


P  +  2 


The  force  is  pressure  times  the  area  of  the  face;  therefore,  the  total 
force  in  the  x-direction  is 

~  \  3x  ^xj  6y&z  "  +  §  Sx^  Sy5z  a  -  ^  Sx5y6z 

Force  per  unit  mass  is  simply  force  divided  by  tne  total  mass  p6x6y8z, 


f  -  _  I  liE 
px  ~  p  Ox 


c 
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where  p  is  the  fluid  density.  The  total  force  per  unit  mass  is  then 


If  the  z-axis  is  aligned  with  gravity,  then  f  =  -ga^ ,  where  &z  is 
a  unit  vector  in  the  z -direct ion. 

For  fluid  motion,  Newton's  second  law  becomes 


35 

3t 


.ivC 


u)  +  (V  X  u)  xu 


1  _  /> 
■  -  p  Vp  - 


(3.2) 


If  the  vorticity  V  X  u  is  zero,  the  fluid  is  irrotational .  Generally, 
fluid  motion  is  irrotational  if  it  results  from  conservative  forces.  In 
deep  water  with  small  surface  viscosity,  the  effect  of  vorticity  on  over¬ 
all  wave  dynamics  is  negligible  [Phillips ,  1966,  p.  36];  therefore,  ir¬ 
rotational  fluid  motion  will  be  assumed. 

In  addition  to  the  equation  of  motion,  there  is  the  continuity 

equation 


-n  d(pu  )  d(pu  )  d(pu  ) 
op  x  y  z 

3t  +  3x  +  +  —zr~  = 0 

Because  the  total  derivative  dp/dt  is 

dp  dp  dp  dx  dp  dy  dp  dz 

dt  “  3t  +  35  dt  +  3?  dt  +  35  dt 

the  continuity  equation  in  vector  form  becomes 

5  5t+v-“  =  °  (3-3> 

which  can  be  derived  by  applying  the  law  of  conservation  of  mass  to  a 
small  fluid  volume  similar  to  that  in  Fig.  16. 

From  the  continuity  equation,  V  •  u  =  0  if  the  fluid  is  in¬ 
compressible  (dp/dt  =  0).  Sea  water  is  nearly  incompressible  and  can 
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be  so  assumed  with  Insignificant  effect  on  the  surface -wave  dynamics  of 
interest.  These  incompressible  and  irrotational  properties  will  permit 
the  use  of  scalar  functions  rather  than  the  velocity  vector  in  the  der¬ 
ivation  of  second-order  wave-height  spectra. 

From  the  irrotational  condition  V  X  u  =  0,  u  can  be  written 
as  the  gradient  of  a  scalar  because 

V  X  (Vcp)  =  0 

In  fluid  dynamics,  (p  is  the  velocity  potential  and  is  related  to  u  by 

-*Vq>  =  u  (3,4) 


Hie  minus  sign  originates  from  an  alternate  method  for  deriving  cp; 
namely , 

fb  -  - 

-  tp  =  u  •  ds 

•4 


where  s  defines  a  path  from  a  to  b .  When  cp&  -  cp^  is  path  indepen¬ 
dent,  both  the  irrotational  condition  and  (3.4)  will  result. 

If  the  fluid  is  incompressible,  then  from  (3.3), 

V  •  u  =  0 

and  cp  obeys  Laplace's  equation 

^9  =  0  (3.5) 

The  velocity  potential  and  (3.5)  will  be  used  to  derive  the  second-order 
wave-height  spectrum. 


2.  Wave  Equation 

If  the  second -order  terms  and  the  effect  of  pressure  force  are 
neglected  in  the  equation  of  motion  (3.2),  the  result,  in  conjunction 
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with  the  continuity  equation,  will  require  that  the  ocean-surface  pro¬ 
file  must  obey  a  wave  equation 

V^}(x,y,t)  =  ~  $U&t£j*l  (3.6) 

CZ  I  $>t2 

where  i](x,y,t)  is  surface  displacement  from  some  reference  (Fig.  17), 
and  C  is  the  phase  velocity  of  the  propagating  wave.  The  general  so¬ 
lution  to  the  wave  equation  is  a  sinusoid  traveling  at  phase  velocity  C. 
As  a  result,  ocean-surface  wave-height  spectra  will  contain  sinusoidal 
components,  each  obeying  the  wave  equation.  A  complete  solution  requires 
the  imposition  of  boundary  conditions.  These  constraints,  written  in 
terms  of  the  velocity  potential,  will  be  combined  with  Laplace's  equa¬ 
tion  to  obtain  a  second-order  wave-height  directional  spectrum  as  a 
function  of  first-order  spectra  whose  components  obey  a  first-order  dis¬ 
persion  relationship. 


Fig.  17.  WAVE  PROFILE  IN  ONE  DIMENSION.  As 
time  passes,  the  wave  profile  appears  to  be 
rigid  and  to  move  with  velocity  C. 
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3.  Boundary  Conditions 

■Hie  boundary  conditions  for  ocean  surfaces  are  of  two  types — 
fixed  and  free  (Fig.  18).  a  fixed  boundary,  such  as  the  ocean  bottom , 
has  no  component  of  velocity  perpendicular  to  the  boundary.  In  terms 
of  velocity  potential,  this  condition  is 

i 

-  0  (3.7) 

z=-h 

I 

fl&ere  the  rigid  boundary  is  a  plane  perpendicular  to  the  z-axis  at  a 
depth  h . 


z=0 


T 


„.,1 


AIR 


FREE  BOUNDARY  AT  z«i)(x,y,t) 


WATER 

FIXED  BOUNDARY  AT  *=  -h 


t 
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Fig.  18.  FLUID  BOUNDARIES. 


There  are  two  free-surface  boundary  conditions — kinematic  and 
dynamic.  The  kinematic  condition  requires  surface  fluid  particles  to 
remain  at  the  surface .  If  points  on  the  surface  are  represented  by 
T)(x,y,t)  and  if  z  is  the  position  of  a  particle,  then 

=  0 

Z=T) 


dt 


Cz  -  T)(x,y,t)] 
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which  states  that  the  position  of  a  fluid  particle  relative  to  the  sur¬ 
face  profile  or  height  must  remain  constant  for  all  time  if  the  particle 
is  on  the  surface  (z  =  t}) .  When  expanded ,  this  expression  becomes 


In  terms  of  velocity  potential, 


and  the  kinematic  boundary  condition  becomes 


(3.8) 


V 


e 


C; 


c 


Hie  dynamic  free-surface  boundary  condition  requires  that  fluid 
at  the  surface  must  also  conform  to  the  equation  of  motion  (3.2).  Under 
the  condition  of  irrotational  motion,  (3.2)  becomes 


du 

St 


+  |v<u 


(3.9) 


which,  in  component  form,  is 


d2cp  1  d 

cheat  +  2  ebe  U 


u)  = 


1  d 

5  5  <" 


U) 


I  i2e 
p  <Jy 
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where  u  has  been  replaced  by  -Vcp  in  the  time  derivative.  Multiply¬ 
ing  the  first  expression  by  dx,  the  second  by  dy,  and  the  third  by 
dz  and  summing  the  results  produces 


where 


-I-  gdz 


_ 

P 


da 


+  ^db 


& 


dc  + 


(3.10) 


is  the  total  differential  operator.  Assuming  a  constant  density  p  and 
integrating  (3.10)  yields 


1  /- 
+  2  (U 


u)  +  gz 


+  F(t)  »  -  £ 


(3.11) 


where  F(t)  is  a  constant  of  integration  that  can  be  absorbed  in  qp(x, 
y,z,t). 

The  dynamic  boundary  condition  can  be  obtained  by  evaluating 
(3.11)  at  the  surface  z  =  T], 


0 


c 


gl)  = 


1 

2 


(3.12) 


where  u  is  written  in  terms  of  the  velocity  potential  cp.  Overlying 

! 

atmospheric  pressure  is  assumed  to  be  zero  because  interest  is  not  in 
wind -generated  waves  but  in  wave -generated  or  second-order  ocean  waves . 

The  boundary  conditions  (3.8)  and  (3.12)  are  expressed  as  sca¬ 
lar  functions ,  a  nice  feature ;  they  are  also  nonlinear  which  is  trouble¬ 
some  in  that  it  requires  resorting  to  perturbation  techniques  to  find  an 
approximate  rp(x,y,z,t)  to  satisfy  the  conditions  in  (3.7),  (3.8),  and 
(3.12). 


O 
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B.  Second-Order  Wave-Height  Directional  Spectrum 

The  results  obtained  above  will  now  be  combined  to  determine  the 
effects  of  nonlinearities  (wave-wave  interaction)  on  ocean-surface  wave- 
height  spectra.  The  analysis  is  carried  to  second-order  and  results  in 
a  spectrum  that  is  a  nonlinear  function  of  first-order  spectra.  As  a 
consequence,  the  rough-surface  radar  cross-section  equations  in  Chapter 
II  can  be  rewritten  as  functions  of  first-order  wave-height  direc¬ 
tional  spectra  and  still  contain  the  effects  of  ocean-wave  nonlineari¬ 
ties  to  second  order. 


1.  Tick’s  Method 

The  following  analysis  is  based  on  Tick’s  second-order  double¬ 
perturbation  method  (Kinsman,  1965,  p.  588]  expanded  to  three  dimensions . 
To  be  consistent  with  Tick’s  formulation,  the  velocity  potential  is  de¬ 
fined  by  u  =  Vcp.  Changing  the  sign  of  cp  and  using  subscripts  to  in¬ 
dicate  partial  differentiation  reduces  the  boundary  conditions  (3.7), 
(3.8),  and  (3.12)  to  (where  subscripts  denote  partial  differentiation) 

cp  -»0  as  z  -» —oo  (3*13a) 

z 


\  +  +  W  "  |z=r 


^  +  +  I  fx  +  'Py  +  %) 


a  0 


z=n 


(3.13b) 


(3.13c) 


Deep  water  is  assumed  by  allowing  the  rigid  boundary  to  recede  to  -<». 

The  first  perturbation  in  Tick’s  method  results  from  expanding 
cp(x,y,z,t)  in  a  Taylor  series  about  the  point  z  =  0, 


<p(x,y,z,t)  =  <p(x,y,z ,t)  ^ 


^’(x.y.z.t) 

i  v. 


ZsO 


_  .  I  f)2*P(xty,z  »t) 
Z  +  2 


-  V. 


2 


2 

•/.  + 


z=0 


(3. H) 
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Substituting  this  expansion  into  the  kinematic  and  dynamic  boundary  con¬ 
ditions  (3.13b)  and  (3.13c)  and  retaining  only  terms  to  second  order  in 
Cp  and  r|  provides 


\  +  Vx  +  Vy  "  +  nCP: 


zz 


(3.15a) 


!z=sO 


gT)  +  <Pt  +  q>ztn  +  I  (<£  +  *Py  + 


(3.15b) 


ZtaO 


from  which  t]  can  be  obtained  to  second  order  by  noting  that,  to  main¬ 
tain  the  expression  to  second  order,  the  third  term  in  (3.15b)  requires 
knowing  t]  to  first  order.  Condition  (3.15b)  defines  tj  to  first  or¬ 
der  as 


1 


(1) 


Vl> 

s  Tt 


z=0 


wi lere  the  superscripts  denote  the  order.  Consequently,  t|  to  second 
order  is 


*1 


g  ^zt^t  +  2 


(3.16) 


This  expression  can  now  be  differentiated  with  respect  to  x,  y,  and  t, 
separately,  and  the  results  can  be  substituted  into  the  kinematic  bound¬ 
ary  condition  (3.15a)  for  tj  ,  tj  ,  and  tj  .  To  second  order, 

x  y  o 

”tt  +  CTZ  ■  |  +  -  2Vyt  -  Vzt  +  V«*  ^ 

2s=U 

(3.17) 


This  partial  differential  equation  contains  both  the  kinematic  and  dyna- 
mic  boundary  conditions  and  is  written  completely  in  terms  of  the  veloc¬ 
ity  potential  function.  It  is  to  be  solved  under  the  constraints  of 
Laplace’s  equation  (3,5)  and  the  condition  stated  in  (3.13a).  When  cp 
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is  found  from  (r .17) ,  the  surface  displacement  tj  follows  directly  from 

(3.16) .  The  Fourier  transform  of  the  autocorrelation  function  of  r\  will 
provide  the  desired  surface  wave-height  spectrum  to  second  order. 

The  second  perturbation  in  Tick’s  double-perturbation  method 
results  from  solving  (3.17)  to  first  order  in  <p  and  then  using  the 
first-order  solution  to  obtain  a  second-order  solution.  To  first  order, 

(3.17)  is 


’tt  +  g<Pz 


=s  0 


z=0 


(3.18) 


Normally,  when  solving  differential  equations,  a  general  form  for  the 
solution  is  assumed  and  the  original  differential  equation  plus  any  aux¬ 
iliary  equations  are  used  to  determine  the  complete  solution.  The  first- 
order  term  in  (3.16), 


r\  = 


(3.19) 


suggests  a  general  form  for  cp.  Because  q  was  represented  by  a  Fourier 
series  in  Chapter  II,  a  series  solution  in  the  following  form  is  sought. 


cp(x,y,zft) 


-I 


A(m,n,I,z)  expf-ia(mx  +  ny)  -  ilwt] 


mnl 


Applying  Laplace's  equation 


to  this  series  yields 
* 


ST  T  2222  1 

2^  A  (m,n,I,z)  -  (am  +a  n  )  A(m,n,I,z)  exp[-ia(mx +ny)  -  ilwt)  =  0 
L  zz  J 


mnl 


If  thi3  differential  equation  is  to  be  zero  for  all  x,  y,  and  t,  then. 


A  (m,n,I,z)  -  k  A(m,n,I,z)  =  0 
zz  mn 


o 
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for  each  term,  where  k  mm  -fan,  and  the  solution  takes  the 

mn 

form  of 


A(m,n,I,z)  ss  Bi  (m,n,I)  exp(k  z)  +  B_(m,n,I)  exp(-k .  z) 
i  mn  a  mn 


The  rigid-surface  boundary  condition 


0  as  z  -»■ 


requires  that  BgO^n,!)  «*  0  for  all  m,n,I;  therefore,  with  the  sub¬ 
script  on  B^  omitted. 


c,y,z,t)  =  ^  B(m,n,l)  exptk^z)  exp C-ia(mx  +  ny)  -  ilwt] 


(3.20) 


When  this  expression  is  applied  to  (3.19),  the  first-order  wave  height 


becomes 


=  -  —  /  (-ilw)  B^(m,n,I)  exp[-ia(mx  +  ny)  -  ilwt] 


where  the  superscripts  explicitly  indicate  the  order.  The  Bv  (m,n,I) 
are  obtained  by  equating  the  coefficients  in  this  expression  for  tj 
with  those  in  the  random-surface  representation 


P(m,n,X)  exp[-ia(mx  +  ny)  -  ilwt] 


assumed  in  Chapter  II.  Combining  the  results  with  (3.20)  provides  the 
first-order  solution, 


<p(1)  -  ^ ,  -  ig  exp(kmnz)  exp[-ia(mx +ny)  -  ilwtl 


(3.21) 
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which,  when  substituted  into  the  original  differential  equation  (3.18), 


yields 


gktnn  =  *Iw)  (3.22) 

and  this  becomes 

gk  =  ft2  (k2  =  p2  +  q2)  (3.23) 

in  the  limit  of  large  L  and  T,  where 


am  -»p 
an  -»q 
Iw  -»ft 


The  above  expression  is  a  dispersion  relationship  for  first-order  ocean 
waves  that  obey  the  wave  equation  and,  from  it,  the  phase  velocity  of 
ocean  waves  can  be  determined, 


C 


(3.24) 


which  is  a  function  of  the  wave  frequency  ft. 

Returning  to  the  search  for  r\  to  second  order,  it  can  be 
seen  by  rewriting  (3.16)  with  the  order  explicitly  denoted  that  a  first- 
order  solution  for  cp  is  not  sufficient  to  determine  t)  to  second  or¬ 
der, 


(2) 


■  - 1  ff 1 ' 


1  m(l)(l) 

—  cp  .  cp .  + 

g  zt  t 


• [(•!“)•  •  (•:■')’  *  (•:”)'! 


z=0 


(3.25) 


where  t/1*  has  been  replaced  by  -cpt/g  from  (3.19).  The  term  cp*2* 
requires  that  be  known  to  second  order.  Substituting  the  first-or¬ 
der  solution  for  <p  back  into  the  original  differential  equation  (3 .17) 
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provides  <j£>  .  -c,™  aod  <(£>  =  -OT'“ ;  therefore,  the  equation 
to  be  solved  for  second -order  cp  is 


■  -2(«’  *  + 


)  (3.26) 

>  z=0 


A  general  solution  in  the  form  of  (3.20)  is  again  assumed  for  <p(2), 


(2)  V'  (2) 

?  (x,y,zft)  B  2^  B  (m,n,I)  exp(k  z)  exp C-ia(mx  +  ny)  -  ilwt] 
mnl  1,111 


Substituting  this  solution  into  the  left  side  of  the  differential  equa 
tion  (3.26)  and  the  first-order  solution  (3.21)  into  the  right  side 
yields 


y  o<2>a_  -  .Hi  u 

Ml. 


mnl 


B  (m,n,I)(gknm  -  I  w  )  e 


-  2  ^  am»g  ■-■m  itwfI—  ®U*  •  X  iam”gP(mM ,n" , i")  eU" 

m’n‘1*  w  mVf 


+  2 


m 


2  ,  “■«  •  2  e«* 

*n»I»  w  mW* 


-  2 


\  „k  P(m*,nM»)  u»  y 

•  i?  .  ^  m’n*  I*w  e  < 

m»n»i*  K  n  1  w 


_  igk  «,  „P(m" , n" ,  l")  eU 
n  1 


(3.27) 


^toere  u  =  -ia(mx  +ny)  -  ilwt,  u»  .  -ia(m*x  +n»y)  -  il»wt,  etc.  The 
(2)  9 
coefficients  B  (m,n,I)  can  be  determined  by  noting  that  the  left 

side  of  (3.27)  is  a  Fourier  series,  and  taking  its  Fourier  transform 

results  in 
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•  exp  -ia(m  +  m)  x  -  ia(n  +  n)  y  -  iw(I  +  I)  t|  dxdydt 
L  °  o  o  J 

=*  /  B^(m,n,I)(gk  -  I2w2)  8(m  +  m)  8(n  +  n)  8(1  +  I) 

*—l  mn  o  o  o 

mnl 

=  (m  ,n  ,1  )(gk  -  I2w2^ 

o  o  o  V®  m  n  o  / 

V  o  o  / 
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The  Fourier  transform  of  the  right  side  requires  the  use  of  the  convolu¬ 
tion  theorem  where,  if  Z[x(t)]  m  X(w)  and  £[y(t)]  =  Y(w),  then 


€ 


2Cx  •  y]  =  |  X(wo  -  «)  Y(w)  dw 


For  discrete  variables, 


fX(w  -  w)  Y (to)  du  X(m  -  m)  Y(») 
O  l—!  o 

-oo  m 


c 


The  convolution  theorem  on  the  right  side  of  (3.27)  provides 

B(2)  (b  ,n  ,1  )/gk  -  I2w2\ 
o'  o  o  \6  m  n  o  ; 

V  o  o  / 

=  -2  2*  am'g - Ttmw"f — ~  ia(m  -m*)gP*(m  -m* ,  n  -n*,I  -I*) 

m'n’I’  1  o  o  o 


-2  £  an ♦ g  ■?.  -  tL  2  ia  (n  -  n « )gP*  (m  -  m » ,  n  -  n » ,  I  -  I » ) 

m’n'I*  1  w  °  ° 
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2.  gk  ,  ,  — -yf — 1 -  igk  ,  fP*(ffl  -m',n  -n*,I  -I*) 
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Dividing  through  by  (gk™  -I  w  ),  taking  the  conjugate  of  both  sides, 

°  '  (2) 

and  dropping  the  subscript  o  determines  the  B  (m,n,I)  which  are  the 

(2) 

coefficients  in  the  series  expansion  for  q>  .  To  second -order,  then, 


q><2)(x,y,z,t)  =  2ig2  - — - 4  2 

mnl  (gk  -  I  w  ) 
mn 


X  fa2m*  (m  -  m*)  +  a2n*(n-n*)  -  k  ,  ,k  ,  ,1 

tffT»  L  ®,n' 


m*n*I 


P(m*,n,,It)  P(m  -  m* ,  n  -  n* ,  I  -  I*) 
I'w 


(3.28) 


This  series  can  be  verified  as  a  second-order  solution  by  substituting 

q/2^  and  q/1^  back  into  the  original  equation  (3.26).  Replacing  q/1^ 
(2)  /o\ 

and  q>  with  (3.21)  and  (3.28)  in  the  equation  for  T|  ,  performing 

the  indicated  differentiations,  and  evaluating  the  result  at  z=*0  de¬ 
rives  a  second-order  surface  height  in  terms  of  the  random  coefficients 
of  the  first-order  Fourier  series, 


Tl<2><x,y,t)  =  -  2g  ^ 


.  .2  2 
mnl  gk  -  I  w 
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m’n*!’  m  n 


(3.29) 
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(3.29) 
Oont . 


(2) 

2.  Second -Order  ffave-Height  Spectrum  from  ii 

Hie  second-order  wave-height  spectrum  can  be  obtained  from 

(3.29)  by  evaluating  the  autocorrelation  function 


R(x1  -  x2,  y±  -  y2,  t±  -  t2)  =  <T](x1,y1,t1)  ii*(x2,y2,t2) )  =  R(x,y,t) 

(3.30) 


and  taking  a  three-dimensional  Fourier  transform.  The  transform  over  x 
and  y  places  the  spectrum  in  k-space;  the  transform  over  t  places  it 
in  the  frequency  domain. 

Again,  as  in  Chapter  II,  only  a  single-term  example  from 
(3.29)  is  required  to  illustrate  the  techniques  for  calculating  the 
second-order  spectrum.  All  product  terms  resulting  from  (3.30)  will 
contain  the  product  of  four  random  variables.  Averaging  over  this  four¬ 
fold  product  requires  the  three-term  expansions  in  Chapter  II.C.4.b. 
When  the  first  term  of  (3.29)  is  used  in  (3.30),  the  fourfold  average 
to  be  evaluated  is 

(P(m*,n*,I*)  P(m  -  m* ,  n  -  n* ,  I  -  I*)  P*(m"» ,n"* ,l"*) 

•  P*(m"  -  m"»,  n"  -  n"»,  T"  -  l"»)>  (3.31) 


t 
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^Wapwsg^yi^  *» 


(P(m»,n*,I*)  P(m  -  m* ,  n  -  n*,  I  -  I*)) 

.  <P*(m"*,n"M"«)  P*(m"  -  m"* ,  n”  -  n”\  i"  -  l"»)> 

+  <P(m* ,n* ,I»)  P*(m"*,n"*,l"*)> 

•  <P(m  -  m*,  n  -  n*,  1-1*)  P*(m"  -  m"*,  n"  -  n"*f  i”  -  l"*)> 
+  (P(m* ,n* ,1*)  P*(m"  -  m"*,  n"  -  n"’,  i"  -  l“*)> 

•  <P(m  -  m* ,  n  -  n* ,  I  -  I*)  P*(m”* ,n"* ,l"»))  (3.31 


(3.31) 

Cont. 


where  the  first  term  requires 


m,n,I  ,m" 

II 

o 

(3.32a) 

c 

for  a 

nonzero  average. 

The  second 

and  third  terms  have  the  following 

index 

constraints : 

m» 

=  m" ’ 

m  =  mft 

o 

n* 

e  n”* 

n  =  nft 

(3.32b) 

I* 

=  I"* 

i  =  i" 

and 

c 

m 

—  m" 

m"*  =s  m  -  m* 

n 

=  n" 

n”*  at  n  —  n* 

(3.32c) 

I 

=  I" 

I"*  =  1-1* 

Examination  of  (3.29)  with  (3.32a)  applied  reveals  that  the 
first-term  average  in  (3.31)  is  a  constant;  therefore,  the  corresponding 
spectrum  is  concentrated  at  zero  frequency.  This  term  denotes  a  per¬ 
fectly  smooth  surface  and  is  consistent  with  the  corresponding  terms  in 
the  scattering  theory  that  represent  scattering  from  a  planar  surface . 
All  averages  of  tjt)*  with  (3.32a)  applied  have  the  same  form  and  will 


97 


contribute  to  the  specular  radar  cross  section.  These  terms  will  not 
be  considered  further  because  the  incoherent  radar  cross  section  is  the 
primary  concern  here. 

Applying  (3.32b)  to  (3.30),  again  for  the  first  term  in  the 
(2) 

expression  for  t)  yields 


„  /  \  .  2  V  (Iw)2  e  iT 

R.-(t)  =  4g  ?  - - - ; 

^kmn  '  1  w  j 


/  fa2m* (m  -  m*)  +  a2n*(n  -  n*)  -  k  t  ,k  ,  ,1 

L  m'n*  m-m*  ,n-n*J 


2n_\  W(am* ,an* ,I*w)  ff(am  -  am*,  an  -  an*,  Iw  -  I*w) 
,L2T/  (I’w)2 


where  the  subscripts  on  R  indicate  which  terms  in  (3.29)  are  averaged, 


=  ^(x.  -  x2)  a  +  n(y1  -  yg)  a  +  Iw(t1  -  tg)j 


Taking  the  limit  of  large  L  and  T  and  changing  the  variables  of  in¬ 
tegration  ±rom  m,n,I  to  p,q,ft  results  in 


R11<t)  =  4g 


jjj 

K  -  *) 


00 

iff  [■,,<»  -  >'>  +  -  ",)  -  V  kp-p-  ,q-q'] 


W(p,tqt,nt)  W(p  -  pf,  q  -  q* ,  A  -  A*)  , 


(4)2fi»2 


dp’dq’dO*  dpdqdO 
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Hie  first-order  spectra  in  (3.33)  indicate  that  two  ocean 
waves  contribute  to  the  second -order  spectrum  for  a  given  set  p,  q, 
p* ,  and  q* .  The  propagation  constants  of  these  waves  are 


k.  =  p*a  +  q'a 
lxy 


from  which 


k„  “  (p  -  p*)  a  +  (q  -  q»)  a 
^  x  y 


[p*(p  -  p*>  +  q* (q  -  q»)  -  k  .  ,k  ,  ,1 

L  p  <r  p-Pfq-q'J 


in  (3.33)  can  be  rewritten  as 


(kl  *  k2  "  kik2} 


where  ^  =  Jk^  |  and  k2  a  lk2 !  • 

When  all  terms  resulting  from  the  Fourier  transform  of  (3.30) 
are  combined,  the  second -order  ocean-surface  wave-height  spectrum  be¬ 
comes 

W  (p,q,n>  =  £  j|[  ki  +  k2  +  <kik2  “  kx  *  k2)  ^  ^  (ft*  (ft*-  ft* )) 


•  W(p»,q»,ft*)  W(p  -  p*,  q  -  q*,  £1  -  ft*)  dp*dq*dft* 


(3.34) 


r 2 — g 

where  k  =  \p“  +q  .  This  expression  can  be  simplified  by  enforcing 

pq 

the  dispersion  relationship  (3.24), 


ft  a  ±  Vgk 


Under  this  condition,  the  first-order  Spectra  can  be  written  as 
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(. 


c 


c 


c 


o 


c 


W(p\q*,n»)  =W(p»,q‘)  5(fi»  ±  Jgk^) 
w(p  -  p*,  q  -  q',  ft  -  n’>  =  w(p  -  p’,  q  -  q1)  5 (fl  -  ±  Jgk^) 


which,  when  substituted  into  (3.34),  allows  integration  over  ft*  because 
of  the  delta  functions , 


•  6(0  ±  to  ±  w  )  W(p*  ,q* )  W(p-p* ,  q-q*)  dp’dq* 

1  2  (3.35) 


where  u2  =  Jzk2>  %  “  Jgkpq »  and  sKn  =  1  if  the  signs 

within  the  delta  function  are  the  same  and  sgn  =  -1  if  they  are  dif¬ 
ferent.  The  second-order  spectrum  is  seen  to  be  composed  of  waves  that 
result  from  the  nonlinear  interaction  between  pairs  of  first-order  waves 
obeying  the  dispersion  relationship. 

In  Chapter  IV,  Eq.  (3.35)  will  be  combined  with  the  results 
obtained  in  Chapter  II  to  derive  an  expression  for  ocean-surface  radar 
cross  section  that  includes  both  electromagnetic  and  hydrodynamic  ef¬ 
fects  to  second  order.  First,  however,  some  possible  models  for  first- 
order  ocean-surface  wave-height  spectra  will  be  considered. 


C.  First-Order  Directional  Spectrum  Models 

First-order  spectra  comprise  the  freely  propagating  ocean  waves 
that  obey  the  dispersion  relationship  (3.23).  They  appear  in  the  sec¬ 
ond-order  expressions  for  the  radar  cross  section  and  directional  spec¬ 
trum  derived  previously  and  must  be  represented  either  empirically  or 
analytically  if  those  expressions  are  to  be  evaluated.  In  the  following 
discussion,  some  of  the  proposed  analytical  models  for  first-order  di¬ 
rectional  spectra  are  described. 
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For  the  spectra  to  be  considered  here,  their  directional  and  ampli¬ 
tude  aspects  are  assumed  separable.  For  example,  for  waves  traveling  at 
an  angle  0  with  respect  to  some  reference  axis  (usually  along  the  wind 
direction),  the  wave-height  directional  spectrum  can  be  written  as 

S(w,6)  =  $(w)  G(0) 

where  $(w)  is  a  nondirectional  amplitude  spectrum  (w  is  the  radian 
wave  frequency)  and  G(0)  is  a  directional  factor  such  that 

/*2jt 

I  S(w,0)  d0  =  $(w) 

J0 

1.  Hie  Amplitude  Spectrum  • 

S.  A.  Kitaigorodskii  [Pierson  and  Moskowitz ,  1964]  has  postu¬ 
lated  that  the  dominant  part  of  the  amplitude  spectrum  <I>(w)  is  a  func¬ 
tion  of  only  four  variables — wave  frequency,  gravity,  wind  speed,  and 
fetch  (the  distance  over  which  the  wind -ocean  interaction  takes  place) . 
If  an  unlimited  fetch  and  a  saturated^  sea  exist,  the  amplitude  spectrum 
becomes  a  function  of  gravity  and  frequency  only, 

$(w)  =  f(w,g) 

In  the  MKS  system,  the  units  of  <Ku)  are  meters  squared  per 
radian  per  second  or  meters  squared  seconds;  therefore,  the  dimensions 
are  length  squared  time.  To  obtain  thesp  dimensions  from  w  and  g 
only  requires  that 

2 

*(W)  « 

to3 

+ 

A  sea  is  saturated  at  some  wave  frequency  if  the  height  of  the  waves  at 
that  frequency  no  longer  increases  with  an  increase  in  wind  speed .  At 
saturation,  these  ocean  waves  cannot  support  additional  wind  energy,  and 
the  excess  energy  transfers  to  the  longer  waves  that  are  not  yet  satu¬ 
rated  . 
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Adding  a  constant  of  proportionality  results  in 


®(to) 


(3.36) 


which  is  the  Phillips  saturation  spectrum  [Phillips ,  1958] .  Observed 

-2 

values  of  the  equilibrium  range  constant  vary  between  0.8  x  10 

-2  ® 

and  1.48  x  10  [Phillips,  1966,  p.  114].  For  a  given  wind  speed ,  waves 
with  frequencies  below  a  certain  cutoff  yalue  no  longer  develop.  An  of¬ 
ten  used  cutoff  for  (3 .36)  is  derived  from  the  point  where  wind  and  wave 
speeds  are  the  same.  If  it  is  assumed  that  waves  cannot  travel  faster 
than  the  wind  driving  them,  then,  from  the  dispersion  relationship 
(3.24), 


$(to)  m 


W  >  g/u 
u  <  g/u 


(3.37) 


where  u  is  the  wind  speed. 

With  observed  spectra  as  a  basis ,  Pierson  and  Moskowitz  (1964) 
proposed  the  following  form  for  the  amplitude  spectrum: 

4>(w)  =  exp[-v(toc/u)4l  (3.38) 

w°  L  c  J 

where  the  Phillips  saturation  spectrum  has  been  modified  by  an  exponen¬ 
tial  term  whose  value  is  a  function  of  wind  speed  through  u  =  g/u. 

c 

Figure  19  illustrates  both  the  Phillips  saturation  and  the  Pierson-Mos- 

-2 

kowitz  spectra  for  20  and  40  knot  winds  when  p  =  0.81  x  10  and  v  « 
0.74.  In  the  Pierson-Mos kowitz  spectra,  considerable  energy  can  be  ob¬ 
served  in  waves  traveling  faster  than  the  wind  that  generates  them;  how¬ 
ever,  no  known  mechanism  exists  for  the  direct  transfer  of  wind  energy 
to  these  faster  waves ,  and  it  is  assumed  that  they  result  from  the 


Fig.  19.  PHILLIPS  SATURATION  AND  PIERSON-MOSKOWITZ  AMPLI¬ 
TUDE  SPECTRA.  The  cutoff  frequencies  for  the  Phillips 
spectrum  correspond  to  waves  traveling  at  the  indicated 
wind  speed . 


dc linear  interactions  among  slower  waves .  Although  second -order  waves 
cannot  propagate  freely,  third-  and  higher  order  solutions  to  the  equa¬ 
tion  of  motion  predict  resonant  waves  that  grow  with  time  and  that  obey 
the  first-order  dispersion  relationship  [Kinsman,  1965,  Ch.  13].  Conse¬ 
quently,  first-order  wave-height  spectra  contain  all  waves,  wind  driven 
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or  the  result  of  wave-wave  interactions,  that  obey  this  dispersion  re¬ 
lationship. 

There  are  other  forms  for  amplitude  spectra  [Kinsman,  1965], 
but  (3.37)  and  (3.38)  serve  as  adequate  examples. 

2.  Directional  Aspects 

Just  as  $(u)  is  associated  with  wind  speed,  the  directional 
aspects  of  the  spectrum  are  often  associated  with  wind  direction.  In 
one  of  the  examples  to  be  considered,  however,  these  properties  are  a 
function  of  wind  and  wave  speeds  in  addition  to  wind  direction. 

One  of  the  simplest  directional  forms  is  semi-isotropic  (Fig. 

20) ,  where 


G(0) 


for  cp  -  rt/2  <  0  <  cp  +  rt/2 


otherwise 


and  cp  is  the  wind  direction  with  respect  to  some  reference.  Combining 
this  G(0)  with  (3.37)  provides  the  Phillips  semi-isotropic  directional 
spectrum 


for  u  >  g/u  and 


otherwise 


cp  -  jt/2  <  0  <  cp  +  rt/2 

(3.39) 


A  similar  expression  is  obtained  when  the  Pierson-Moskowitz  amplitude 
spectrum  is  combined  with  the  semi-isotropic  assumption. 


S(w,0) 


exp 


[-vW.)4] 


for  cp  rt/2  <  0  <  cp  +  rt/2 

(3 .40) 


otherwise 
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Another  class  of  directional  functions  that  allows  S(w,0)  to 
decrease  gradually  as  0  moves  from  the  wind  direction  is  represented 
by 

0(6)  .  C°S°  (a6>  (3 .41) 

li 

where  0  =  0  specifies  the  wind  direction  and  N  is  a  normalization 
constant  such  that 


G(0)  d©  =  1 


In  one  form  of  (3.41),  s  =  2,  a  =  0.5,  and  -it  <0  <  it;  therefore, 


G(0)  =  -  cos 

it 


for  -it  <  0  <  it 


(3 .42) 


This  expression  represents  a  card io id  distribution  (Fig.  21)  which  al¬ 
lows  wave  propagation  in  all  directions  except  the  one  against  the  wind 
There  is  little  evidence  to  indicate  that  this  or  any  other  function 


WIND  DIRECTION 


PROPAGATION  DIRECTION 


G(0)*~-  co«*(0/2) 


Fig.  21.  CARDIOID  DIRECTIONAL  DISTRIBUTION. 


1 1; 
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adequately  describes  the  directional  propagation  of  wind -driven  ocean 
waves.  It  has  been  observed  [Tyler  et  al,  1974]  that  waves  do  propagate 
at  angles  greater  than  90°  with  respect  to  the  wind  and,  for  this  reason, 
(3.42)  is  expected  to  be  a  better  model  than  semi-isotropic  propagation. 
The  exponent  2  in  the  cosine  distribution  has  been  used  by  others  [Bar- 
rick  et  al,  1974]  and  is  chosen  here  simply  for  convenience.  Equation 
(3.42)  will  be  combined  with  the  Pierson-Moskowitz  amplitude  spectrum  in 
Chapter  IV  to  illustrate  the  dependence  of  radar  cross  section  on  direc¬ 
tional  ocean -wave  propagation. 

In  a  summary  of  the  evolution  of  the  cosine  form  of  G(0),  Kunk 
[Tyler  et  al,  1974]  introduced  another  form  of  the  cosine  type.  His  ver¬ 
sion  is  a  modification  of  one  introduced  by  Longuet-Higgins ,  Cartwright, 
and  Smith  [Tyler,  1974]  where 


G(0)  = 


cos  (Q/2) 
N(s) 


-rt  <  0  <  rt 


(3.43) 


and  s  is  a  function  of  ocean-wave  frequency  and  wind  speed.  The  argu¬ 
ment  in  that  lower  frequency  waves  traveling  at  speeds  approaching  that 
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of  the  wind  should  be  confined  to  a  narrow  region  about  the  wind  direc¬ 
tion,  indicating  large  values  for  s.  Higher  frequency  waves  traveling 
substantially  slower  than  the  wind  are  allowed  a  wider  range ,  indicating 
values  of  s  ~  1  (Fig.  22). 


WAVE  PROPAGATION 
DIRECTION 


|  WIND  DIRECTION 


6(8) 


6(8) « aaaggl 

N(S) 

N(S  )*/  G(0)d0 


Fig.  22.  COSINE  DIRECTIONAL  DISTRIBUTION. 


Munk  expanded  (3.43)  to  allow  for  a  small  amount  of  energy 
traveling  opposite  to  the  wind  and  proposed  a  relationship  between  wind 
speed,  wave  speed,  and  s.  This  modified  directional  function  is 


go)  =  Le  + (1  ~  <8 tsn 

N(S) 


-it  <  0  <  it 


(3.44) 


where  e  is  assumed  small  compared  to  1.  The  normalization  factor  N 


.  r 


G(9)  d@  =  2ite  +  (1  -  e)  L(s) 


where 


L(s)  =.  2lt1/2 

and  r  is  the  gamma  function. 

In  seeking  a  spread  factor  s  as  a  function  of  wind  speed  u, 
Munk  accounts  for  variations  in  measured  wind  speed  with  anemometer 
height  by  assuming  a  logarithmic  wind  profile  such  that 


where 


z  =  height  at  which  wind  speed  is  measured 
K  =  Kantian* s  constant  («0.41) 
u+  =  Prandtl*s  shear-stress  (or  friction)  velocity 


and  z  is  defined  as 
o 


(3.45) 


(3.46) 


2 

where  A/k  is  Charnock’s  constant  («0.0156)  and  g  is  the  accelera¬ 
tion  caused  by  gravity.  Kinsman  (1965,  p.  560)  provides  a  detailed  de¬ 
scription  of  the  log  profile  and  associated  constants. 

A  given  wind -speed  profile  can  be  characterized  by  the  single 
parameter  if  the  logarithmic  assumption  is  valid  and  if  measure¬ 

ments  of  u(z)  are  within  the  region  of  validity.  Figure  23  plots 
u(z)  as  a  function  of  u^  for  wind -speed  measurement  heights  of  2  and 
12  m. 

The  next  assumption  relating  s  to  wind  speed  is  that,  at 
some  height  z^,  a  resonance  condition  exists  where  the  component  of 
wind  speed  in  the  direction  of  wave  propagation  is  equal  to  the  veloc¬ 
ity  of  propagation  for  that  wave, 
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(3.47) 
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U(z  )  •  COS  0  ta  c 
r  r 

f 

where  C  is  the  wave  phase  velocity  and  ©r  is  the  resonance  angle 
(Fig.  24).  Some  motivation  and  justification  for  this  assumption  can 
be  found  in  Phillips  (1966,  pp.  128-129).  Combining  (3.45),  (3.46), 
and  (3.47)  yields  the  resonance  condition  in  terms  of  the  friction  ve¬ 
locity  u^, 


WIND  SPEED  (knot*) 

Fig.  23.  WIND  SPEED  VS  FRICTION  VELOCITY  FOR  A  LOGARITHMIC 
WIND-SPEED  PROFILE. 

Munk  assumed  a  resonance  height  z  proportional  to  the  wavelength  A 

r 

of  the  wave  with  velocity  C ;  that  is , 


where  k  =  2 n/X  and  A  is  a  constant.  The  resonance  condition  then 
becomes 

sec  ©r  =  p  £n  (AA  1  (i  2)  (3.48) 
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ALLOWABLE  PROPAGATION 
DIRECTIONS  FOR  WAVES 
WITH  VELOCITY  C  ARE 
CONFINED  TO  THE 
SECTOR  BETWEEN  ±  8r 


Fig .  24 .  ALLOWABLE  PROPAGATION  DIRECTIONS  FOR  RESONANT  WAVES . 
The  resonance  condition  states  that  wind  speed  u(zr)  at 
some  height  zr  is  related  to  wave  speed  C  by  C  =  cos  (0  ) 
•  u(zr),  where  0j.  defines  the  limiting  direction  in  which 
waves  with  velocity  C  can  propagate. 


where  (i  =  u+./(OC)  and  C  =  ^g/k  from  the  dispersion  relationship 
(3.24). 

When  0  =0,  the  allowable  propagation  region  in  Fig.  24 
r 

reduces  to  a  single  line  that  corresponds  to  the  cutoff  condition  for 
waves  traveling  faster  than  the  wind.  Under  this  constraint, 


1  =  Uo  in 


(M-V) 


(3.49) 


and  the  selection  of  a  value  for  A  determines  which  is  the  cut¬ 
off  value  for  (i  (Munk  chose  =  0.1,  admittedly  rather  arbitrar¬ 

ily).  To  obtain  the  single  line  corresponding  to  0y  =  0  in  Fig.  24, 
s  must  go  to  infinity  in  Eq.  (3.43).  For  any  0^,  it  is  assumed  that 
cosS  (B  /2)  will  have  some  finite  and  constant  value.  In  particular, 

u 

as  u  tends  to  infinity,  O  tends  to  90°  and  cos  (M^/2)  a  ^2/2  for 
the  lower  limit  of  s  =  1  chosen  by  Munk. 


Ill 


From  (3.43),  (3.48),  and  the  condition  that  N(s)G(©  )=  's/2/2, 

T 


S  = 


in  (1/2) 


in 


!1  1  1  ) 

2  +  2  .  ,A  -1  -2,( 

H  in  (AA  |i  ); 


1  <  s  <  eo 


oo  >  (i  >  u 


(3.50a) 


or,  including  (3.49), 


s  = 


in  (1/2) 


7T"l ^  ? 

|2  +  2  fl  +  2\iq  in  (no/|i)l  ( 


1  <  s  <  oo 


00  >  |i  >  M 


(3.50b) 


From  the  definition  of  it,  u  /u  =  C/C  where  C  is  the  cutoff  veloc- 

no  '  o  o 

ity  corresponding  to  |iq,  and  s  becomes 


s  = 


in  (1/2) 

c'/c 


1  <  S  <  oo 


+  I  ri+"’2n  itoTc/cT] 

o  o 


1  0 


(3.50c) 


<  C  <  C 


The  spread  factor  s  presented  here  is  seen  to  be  a  function  of  both 

wind  speed  (as  represented  by  the  friction  velocity  u+)  and  wave  speed 

C.  The  ^-parameter  conveniently  combines  both  C  and  u+ ,  making  s  a 

function  of  a  single  variable.  Figure  25  plots  the  relationship  between 

Li  and  s  when  u  =  0.1  and  N(s)  G(0  )  =  *J2/2. 

o  r 

When  Eq.  (3.44)  is  combined  with  the  Phillips  saturation  am¬ 
plitude  spectrum  (3.36),  the  result,  attributed  to  Munk,  is 


S(w,0) 


Peg  e  +  (1  -  e)  cosS  (0/2) 
5  N(s) 

u) 


(3.51) 


where  s  is  defined  by  Eqs .  (3.50). 

The  low-frequency  cutoff  condition  for  the  Munk  spectrum  is 
contained  in  s  and  is  essentially  the  same  as  that  contained  in  (3.37) 
where  wave  speeds  must  be  less  than  the  wind  speed.  For  example,  when 
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Fig.  25.  SPREAD  FACTOR  S  AS  A  FUNCTION  OF  THE  ^-PARAMETER. 


|io  =  0.1,  the  low-frequency  cutoff  occurs  at  0.98  rad/sec  for  a  20  knot 
wind  measured  at  a  height  of  12  m  (Fig.  23);  the  corresponding  value  for 
the  flat  wind  profile  in  (3.37)  is  0.95  rad/sec.  Figure  19  shows  the 
difference  of  0.03  rad/sec  to  be  negligible  in  view  of  the  overall  spec¬ 
trum  scale .  Changing  the  value  chosen  for  changes  the  value  of  the 

low-frequency  cutoff  proportionately  and,  hence,  the  agreement  between 
the  cutoff  obtained  from  the  spread  factor  and  that  obtained  from  the 
condition  in  (3 .37) . 


3 .  Special  Considerations  for  Second -Order  Calculations 

Not  all  first-order  spectra  models  are  adequate  for  calcula¬ 
tions  of  radar  cross  section  to  second  order  although  they  may  provide 
excellent  predictions  of  first-order  cross  sections.  The  reason  is  that 
second-order  cross  section  is  a  function  of  the  entire  ocean-wave 
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spectrum  while  first-order  cross  sections  involve  only  a  portion  of  the 
spectrum.  For  example,  consider  the  first-order  term  for  incoherent  ra¬ 
dar  cross  section  in  (2.72), 

Oyytw)  oc  w(p  sin  9  cos  0  -•  pa,  P  sin  0  sin  0,  -  u>) 

where  P  sin  8  cos  0  -  8a  =  k  and  P  sin  9  sin  0  =  k  are  the  ccean- 

x  y 

wave  propagation  constants  in  the  x-  and  y-directions  (Fig.  26).  The 


Fig.  26.  RELATIONSHIP  BETWEEN  OCEAN-WAVE  AND 
WIND  DIRECTIONS. 


frequency  w0  ~ w  is  the  ocean-wave  radian  frequency  in  terms  of  the  in¬ 
cident  radio-wave  radian  frequency  and  the  observed  scattered  radio¬ 
wave  radian  frequency  w.  Relationship  (3.24)  requires  that 


u  -  u  =  ±  \[gk 
o 


J2  o  /  ■  g  2 

k  +  k  =  p  n/( sin  0  cos  0  -  a)  +  (sin  0  sin  0)  ;  therefore, 
x  y 

the  spectrum  W  can  be  written  as 

W(k  ,k  ,w  -w)  =  W(k  ,k  )  &(«  -u±  jgp  [(sin  6  cos  0  -  a)2  +  (sin  0  sin  0) 
x  y  o  x’  y  \o  n|  L 

(3.52) 
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because  6)  -w  is  fixed  by  the  values  of  k  and  k  . 

o  x  y 

With  the  ocean-wave  frequency  set  by  k^  and  k^  which,  in 
turn,  are  completely  specified  by  the  incident  radio-wave  frequency 
through  3  and  the  incident  and  observation  directions  given  by  0,0, 
and  a,  there  can  be  only  a  single  ocean -wave  frequency  contributing  to 
the  radar  cross  section  for  fixed  radar  geometry  and  transmitted  radio 
frequency;  consequently,  only  a  portion  of  the  ocean-wave  spectrum  can 
be  observed.  In  particular,  if  the  observations  are  confined  to  ocean 
waves  that  are  saturated,  the  Phillip's  saturation  spectrum  (3.36)  and 
the  Pierson-Moskowitz  spectrum  (3.38)  will  serve  as  good  first-order  am¬ 
plitude  spectra  models  (Fig.  19). 

On  the  other  hand,  second-order  radar  cross  sections  for  fixed 
radar  geometry  and  frequency  involve  the  entire  spectrum  through  the  in¬ 
tegral  over  all  ocean-wave  frequencies  [see  Eq.  (2.72)] ;  therefore,  the 
ocean-wave  model  chosen  for  second-order  calculation  should  represent 
the  ocean  surface  under  both  saturated  and  nonsaturated  conditions .  Con¬ 
sequently,  a  model  of  the  Pierson-Moskowitz  form  is  preferable  to  the 
Phillip's  saturation  model  for  nond fractional  amplitude  spectra ,  at  least 
for  these  calculations . 

All  of  the  directional  functions  G(0)  can  be  combined  with 
the  Pierson-Moskowitz  amplitude  spectrum  (3.38)  to  provide  directional 
spectra  models  suitable  for  second-order  cross-section  calculations. 

4.  First-Order  Models  in  Terms  of  Wave  Number 

Thus  far,  ocean-wave  directional  spectra  have  been  considered 
only  in  terms  of  wave  frequency  and  angle  from  the  wind  direction;  how¬ 
ever,  the  spectra  in  the  expressions  for  radar  cross  section  in  Chapter 
II  are  written  as  functions  of  ocean-wave  propagation  constants  in  the 
x-  and  y-directicns .  The  transformation  from  the  first  form  to  the  sec¬ 
ond  is  obtained  from  the  spectrum  propert* , 

f f2rt  f 00 

<“>=11  su,0<“-®> dwe  -  J  J  sk  ,k  (vy  dk*dk, 

J-QJQ  •'-co-'-oo  x'  y  J  (3.53) 
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where  (h  )  is  the  mean  square  ocean-wave  height. 

The  Jacobian  J,  as  defined  by  the  determinant  in 


dk  dk 

*  y 


dk  dk 

x  x 

"5u  ^ 


dk  dk 


(3.54) 


can  be  made  exact  with  the  aid  of  (3.24)  and  Fig.  26.  The  result  is 


k  =*  k  cos  (0  +  cp)  sa  —  cos  (0  +  ©) 
x  g 


w  . 

k  =s  —  sin  (0  +  cp) 

y  g 


Performing  the  partial  differentiation  indicated  by  (3.54)  and  evaluat¬ 
ing  the  determinant  yields 


From  the  expression  defining  (h  ), 


= i?  s“’0<“’9, 


(3.55a) 


S,  ,  (k  ,k  ) 
k  ,k  x  v 
x’  y 


(3.55b) 


In  Chapter  II. A,  the  surface-height  spectrum  W  defined  by  Rice  is  four 
times  that  defined  by  (3.53);  hence, 


c 
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4S(k  ,k  )  »  W(k  ,k  ) 
x’  y  x'  y 

Table  1  summarizes  both  forms  of  the  first  -order  directional  spectra 
presented  here  (cp  =»  0  in  the  table). 


D.  A  Model  for  Sw  ' * 

The  first-order  spectra  models  considered  above  describe  only  those 
ocean  waves  created  by  local  winds.  Waves  also  may  be  present  that  were 
generated  by  a  distant  wind  system  (or  storm)  and  then  have  propagated 
to  the  local  region;  such  waves  are  called  "swell*'  [Kinsman,  1965,  Ox.  1], 
Swell  generally  consists  of  higher  energy  low-frequency  waves  that 
have  survived  the  damping  effects  cf  turbulence  and  viscosity.  In  swell 
originating  in  very  distant  storms ,  only  the  lowest  frequency  waves  exist 
and  these  propagate  in  a  single  direction  through  the  local  region  (Fig. 
27). 

A  wave-height  model  for  swell  could  be 

VW  -  <hZ>  S<kx  -  kxo>  6<ky  -  V  <3-S6) 

/  2. 

where  <h  )  is  the  mean-square  height  of  swell,  consisting  of  a  single 
frequency 


and  traveling  in  the  direction  given  by  tan"1  (k  /k  ) . 

yo  xo 

Because  there  are  no  ocean  wave-wave  interactions  to  first-order, 

the  total  first-oider  wave-height  spectrum  of  a  given  ocean  region  can 

be  written  as  the  superoosition  of  a  local  wind-generated  spectrum 

S  (k  ,k  )  and  the  swell  spectrum  S  (k  ,k  )  ;  that  is , 
w  x  y  s  x  y 

S(kx,ky)  =  Sw(kx,ky)  +  Ss(kx,ky)  (3.57) 
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wind  speed 


become  delta  functions  [Thomas,  1969,  p.  587]  and  (3.58)  reverts  to 
(3.56). 

Hie  use  of  gauss ian  functions  in  (3.58)  is  not  meant  to  imply  that 
the  actual  distribution  of  swell-propagation  constants  is  necessarily 
gaussian.  The  intent  is  to  provide  a  model  that  allows  for  a  small  but 
finite  band  of  wave  frequencies  and  a  small  angular  distribution  of  prop¬ 
agation  directions.  As  the  origin  of  swell  becomes  further  removed  from 
the  local  region,  any  model  is  expected  to  approach  that  of  (3,56); 
therefore,  if  a.  and  a  are  kept  small,  the  difference  between  the 

KX  Ky 

gaussian  and  other  possible  models  will  be  minimal. 

To  relate  a  and  a  to  variations  in  the  swell-propagation 
Kx  Ky 

constant  and  propagation  direction,  consider  the  geometry  in  Fig.  28, 

where  k  is  the  mean  value  of  the  propagation  constant  and  6  spec- 
m  m 

ifies  the  mean  propagation  direction.  Let  Ak  and  represent  the 

maximum  deviations  of  the  ocean-wave  propagation  constant  and  direction 

from  their  mean  values,  respectively.  The  maximum  positive  deviation  of 

the  x-component  k  from  its  mean  value  k  is 
x  xm 


=  (k  +  £k)  cos  (0  -  9)  -  k  cos  0 

x  ra  m  mm 


(3.59) 


where  k  cos  9  =  k 

m  m  xm 


Fig.  28.  DEVIATION  OF  A  COMPONENT  OF  THE 
SV'ELL  PROPAGATION  CONSTANT. 
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For  small  directional  deviations,  £0  «  1,  cos  {££)  «  1,  and 

2 

sin  (A0)  »A0.  When  terms  of  order  A  are  neglected,  (3.59)  can  be 
approximated  by 

Ak  =  k  A9  sin  0  +  Ak  cos  0  (3.60) 

x  m  m  m 

A  maximum  negative  deviation  -Ak^  occurs  when  Ak  is  negative  and  A3 

is  positive;  therefore,  the  r-compoDent  has  a  value  in  the  range  of 

k _  ±  Ak  ,  where  Ak  is  defined  in  (3.60).  A  similar  analysis  shows 

xm  x  x 

the  maximum  deviation  of  the  y-component  ky  to  be 

Ak  =  k  A0  cos  0  +  Ak  sin  0  (3.61) 

y  m  m  m 

Either  of  two  arguments  can  be  employed  to  relate  the  maximum  devi¬ 
ations  Ak  and  Ak  to  the  standard  deviations  a,  and  a.  .  The 
x  y  kx  ky 

first  assumes  that  the  gaussian  function  can  be  truncated  for  values  of 
the  variables  greater  than  a  few  standard  deviations  from  the  mean.  For 
example,  at  three  standard  deviations  from  the  mean,  the  gaussian  func¬ 
tion  has  a  value  *;f  1.1  percent  of  its  peak;  values  at  greater  than  three 
can  be  considered  negligible.  The  maximum  deviation  could  be  written  as 

Ak  =  3a, 
k 

Alternately,  rather  than  using  maximum  deviations  for  k  and  0  in 

(3. SO)  and  (3.61),  standard  deviations  a,  and  an  could  be  assumed, 

k  0 

such  that 

a,  =  k  a.  sin  0  +  a,  cos  0  (3.62a) 

kx  m  0  m  k 

a,  -  k  a_  cos  0  +  a,  sin  0  (3.62b) 

ky  m  0  m  k  m 

The  and  0^  are  not  derived  from  the  distributions  of  k  and  0 

obtained  by  transforming  (3.58)  from  Cartesian  to  polar  coordinates; 
they  are  simply  a  measure  of  the  spread  of  k  and  0  about  their  means . 
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Because  either  method  of  selecting  values  for  and  cr^y  is  based 

on  approximations  and  assumptions,  the  form  expressed  in  (3.62a)  and 

(3.62b)  is  chosen  for  simplicity. 

In  Chapter  IV,  calculations  of  radar  cross  section  based  on  the 

swell  model  (3.58)  indicate  that  the  mean  values  of  k  and  k  are 

x  y 

all  that  are  required  to  produce  the  effects  of  swell  and  that  the 
delta -function  model  (3.56)  would  suffice  if  it  were  amenable  to  numer¬ 
ical  analysis. 
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Chapter  IV 


INTERPRETATION  AND  EVALUATION  OP  OCEAN- 
SURFACE  RADAR  CROSS-SECTION  INTEGRAL 

The  second-order  results  obtained  in  the  previous  two  chapters  will 
be  combined  in  this  chapter  to  derive  an  integral  expression  for  ocean- 
surface  incremental  radar  cross  section  per  unit  frequency  that  contains 
both  electromagnet ic  and  hydrodynamic  terms  to  second  order.  Section  A 
describes  the  transition  from  general  time-varying  surfaces  to  ocean  sur¬ 
faces.  The  concept  of  multiple  Bragg  scattering  is  introduced  in  Section 
B  and  is  shown  to  provide  a  physical  interpretation  of  the  cross-section 
equations.  Section  C  discusses  the  analytical  techniques  that  will  re- 

i 

duce  these  expressions  to  a  form  suitable  for  numerical  analysis ,  and  the 
results  of  this  evaluation  are  presented  in  Section  D. 


A.  Radar  Cross  Section  for  Ocean  Surfaces 

Expressions  for  the  radar  cross  section  of  ocean  surfaces  can  be 
obtained  from  the  general  incoherent  time-varying  rough-surface  cross- 
section  equations  (2.72)  and  (2.74).  Consider,  for  example, 

4  2 

cr,_,(w)  =s  4«p  (a  sin  0  -  cos  0)  W(k  ,k  ,w  -  w) 

W  x'  y’  o 


+  JtP 


I 


r2w<klx’kly,fi) 


W(k_  ,k_  ,w 
2x  2y’  o 


-  to  -  fi)  dpdqdfi 


(4.1) 


2 

where  F  represents  the  bracketed  terms  in  (2.72).  This  expression 
applies  to  ocean  surfaces  when  hydrodynamic  effects  are  introduced 
through  the  spectra  terms.  In  Chapter  III,  the  ocean -surface  spectrum 
was  represented  by  first-order  and  higher  terms  of  which  the  second-or¬ 
der  terms  were  derived  as  a  function  of  the  first-order  terms  (3.35). 
This  spectrum  can  be  written  as 


W(k  ,k  /.i)  =  v/^(k  ,k  ,Q)  +  W^2\k  *k  ,fi)  +  higher  order  terms 

x*  y»  X»  y»  x»  y*r  *  (4.2) 
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Substituting  (4.2)  into  (4.1)  and  retaining  only  terms  to  second  order 
leads  to  an  equation  that  contains  both  electromagnetic  and  hj  ■namic 
effects  to  second  order, 


0yy(u)  a  4rt{3  (a  sin  6  -  cos 


0)2[w(1)(kx,ky,n)  +  w(2)(kx,ky,n) 


00 

+  itp4  jjj  r2wa>(klx,kly,n)  w(1)(k2x,k2y,0)o  -  u  -  o)  dpdqdn 


(4.3) 


For  the  first-order  spectral  terms,  the  relationship  between  ocean-wave 

frequency  and  propagation  constants  k  and  k  is  determined  by  (3.24); 

x  y 

therefore,  the  spectrum  can  be  written  as 


W(1)(k  ,k  =  W(1)(k  ,k  )  5 
x  y  x  y 


( n 


(4.4) 


as  previously  indicated  in  (3.52). 

Either  delta  function  that  develops  when  (4.4)  is  substituted  into 
the  integral  portion  of  (4.3)  allows  integration  over  fi  with  the  result 
that 


a  (w) 

w 


4itp4 (a  sin  9  -  cos  0)2|w^(p  sin  9  cos  0  -  pa,  P  sin  9  sin  0) 


•  6 -  w  ±  Jgj^(p  sin  9  cos  0  -  pa)2  +  (0  sin  9  sin  0)2J  ^ 


(2) 

+  W  O  sin  9  cos  0  -  pa,  P  sin  9  sin  0,  w 


-  oj)| 


+  itp 


if  4" 


^(p-pa,q)  W^(psin0  cos  0 -p.  psin0sin0-q) 


•  b(u>o  -  m  i  ^jgkj  ±  Jgk2)  dpdq 


(4.5) 
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where  the  actual  spectra  arguments  from  (2.72)  have  been  Incorporated. 
The  subscript  EM  indicates  that  T  results  entirely  from  electromag¬ 
netic  effects,  and  k^  ,k2  represent 


J(p  -  Pa)2  +  q2  and  J(0  sin  0  cos  0  -  p)2  +  (p  sin  0  sin  0  -  q)2 

respectively.  The  choice  of  signs  in  the  delta  functions  in  (4.5)  is 
not  arbitrary,  and  considerable  care  will  be  taken  in  Section  C.5  to 
determine  the  regions  of  integration  where  each  sign  is  valid. 

The  second-order  spectrum  in  (4.5)  has  been  expressed  as  an  inte¬ 
gral  over  first-order  spectra  in  (3.35);  therefore, 


(2) 

W  (p  sin  0  cos  0  -  pa,  P  sin  0  sin  0,  Wq  -  w) 


^  11  rHW^1^(p* ,q* )  siT1  0  cos  0“Pa-P*»  P  sin  0  sin  0-q*) 


•  5(u>o  -  w  ±  ±  Jgkg)  dp'dq*  (4.6) 

where  r  represents  the  bracketed  term  in  (3.35)  and  is  the  result  of 
H 

hydrodynamic  effects  alone.  The  and  k2  in  this  expression  do  not 

yet  corresyord  to  the  definitions  in  (4.5);  however,  with  the  following 
change  of  variables , 


q'  ->q 
p»  ->p  -  pa 

the  spectral  terms  and  propagation  constants  become  those  in  (4.5). 

If  the  second-order  spectrum  in  (4.5)  is  replaced  by  (4.6)  and  the 
two  integrals  are  then  combined,  the  desired  expression  for  incoherent 
second-order  incremental  radar  cross  section  per  unit  frequency  becomes 
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OyyCo)  «  «*B4(a  sin  9  -  cos  (J)2  *(e  sin  0  cos  0  -  0a,  P  •In'  9  »ii>  0)  •  6(»)  ± 


•  6(*l  ±  Uj  ±  Uj)  W(p  -  Bot.q)  W(0  tin  fl  coa  0  -  p,  0  ala  6  ale  0  -  q)  dpdq  (4.7) 

where 

kx  =  (p  -  0a)  ax  +  qay 

k_  =  (p  sin  0  cos  0  -  p)  a  +  (B  sin  9  sin  0  -  q)  a 

*  X  y 

with  =  |k^  |  and  k 2  =  (k^  | .  The  radian  ocean-wave  frequencies  are 

W2  =  J&2 

U) 

B 

The  doppler  shift  of  the  returned  signal  “w  is  denoted  by  t}.  All 

spectral  terms  are  now  first  order. 

A  similar  expression  for  a  (w)  can  be  obtained  by  replacing 
2  2  ™ 

(a  sin  0  -  cos  0)  with  cos  0  and  multiplying  the  entire  result  by 
2 

(7  cos  0)  . 

Equation  (4.7)  for  a^(.w)  and  its  horizontal  complement  for 
aHH(w)  represent  ocean-surface  second -order  bistatic  radar  cross  sec¬ 
tions  (per  unit  area  and  frequency)  and  are  presented  here  for  the  first 
time.  In  Section  C,  Eq.  (4.7)  will  be  reduced  to  a  backscatter 
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grazing-incidence  geometry  and  shown  to  be  equivalent  to  previously  pub¬ 
lished  results  [Barrick,  1972]  except  for  a  difference  in  the  relative 
weighting  between  the  electromagnetic  and  hydrodynamic  contributions. 


B.  Bragg  Scattering 

The  concept  of  Bragg  or  resonant  scattering  from  periodic  structures 
has  been  shown  to  be  responsible  for  the  dominant  first-order  doppler- 
shifted  radar  echoes  from  ocean  surfaces  [Crombie,  1955]  and  for  the 
smaller  second-order  sideband  structure  illustrated  in  Fig.  1  [Barrick, 
1972].  In  this  section,  this  concept  is  examined  and  is  also  found  to 
apply  to  the  expressions  for  bistatic-radar  cross  section. 

The  condition  for  radio-wave  Bragg  scattering  requires  that  energy 
scattered  from  successive  periods  of  a  periodic  structure  must  add  in 
phase  ferillouin,  1953,  p.  117],  This  condition  can  be  written  as 


C 


a; 


c 


€ 


dl  +  d2  “ 


where  A  is  the  wavelength  of  the  incident  radio  wave  and  n  is  an  in¬ 
teger  greater  than  zero  (see  Fig.  29).  For  a  given  periodic  structure, 
incident  radio  waves  of  a  specific  frequency  and  propagation  direction 
are  reflected  in  a  particular  direction  under  the  Bragg  condition.  Con¬ 
versely,  only  structures  of  a  specific  period  will  reflect  radio  waves 
in  a  specified  direction  for  given  incidence  conditions.  To  determine 
the  relationship  between  the  structure  period  and  the  incident-  and  re- 
flected-wave  directions  and  frequency,  consider  the  geometry  in  Fig.  30 
where  two  parallel  incident  rays  are  reflected  at  Cartesian  coordinates 

(0,0,0)  and  (x  ,y  ,0).  The  distance  d-  can  be  written  as 
o  o  l 


d 


1 


(x  a 
o  x 


+  y  a  )  = 
o  y 


x 

oKix 


+  y  6 
o  iy 


where  a  denotes  a  unit  vector,  and 


e  = 


2jt 

A 
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Similarly,  d 2  can  be  written  as 


(x  a  +  y  a  ) 
ox  o  y 


x  6  +  y  p 

orrx  o  rj 


The  Bragg  condition  d^+  =  A  becomes 


x  (p.  -  p  )  +  y  (p.  -  p  ) 

o  Kix  Krx  Jo  Kiy  Kry  _ 


x  ( p,  -  p  )  +  y  <p.  -  p  )  =  2 it 

o  ix  rx  Jo  iy  ry 


(4.8) 


The  integer  n  is  taken  to  be  unity. 

Equation  (4.8)  relates  the  components  of  the  radio-wave  propagation 
constant  to  point  (xq ,yQ ,0) .  A  similar  expression  relating  the  orienta¬ 
tion  and  period  of  the  periodic  structure  to  the  same  point  can  be  de¬ 
rived  and  combined  with  (4.8)  to  determine  the  relationship  between  ra¬ 
dio-wave  period  and  direction  and  the  structure  period  and  orientation. 

A  direction  can  be  assigned  to  the  periodic  structure  by  defining 


T  T  A  ,  A 

L  =  L  a  +  L  fl 

XX  V  \ 


such  that  |l|  =  L,  where  L  is  the  period  length  (Fig.  31).  This  di¬ 
rection  will  be  associated  with  the  propagation  direction  of  an  ocean- 
wave  train  which  is  a  moving  periodic  structure.  The  length  of  the 
structure  can  be  express  J  as 


L  /  A  A  \  T 

—  •  (x  a  +  y  a  )  =  L 
L  ox  o  y 


Lx  +  L  y 
x  o  y'o 


(4.9) 
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Fig.  31.  A  DIRECTIONAL  PERIODIC 
STRUCTURE . 


If  k  is  defined  as 


k  =  k  cos  ffia  +  k  sin  ffl  a 
x  y 


where  k  =  2«/L,  then  p  =  k  cos  9  and  q  =  k  sin  9  represent  the  x- 
and  y-components  of  the  propagation  constant  for  an  ocean  wave  of  length 


Because  cos  9  =  L  /L  and  sin  9  =  L  /L,  then  p  =  2jtL  /L  and 

2  x  y  x 

q  =  2jtLy/L  ,  and  Eq.  (4.9)  then  becomes 


px  +  qy  =  2it 
o  o 


(4.10) 


which,  combined  with  (4.8),  provides  a  relationship  between  the  radio¬ 
wave  and  ocean-wave  (moving  periodic  structure)  propagation  constants, 


[*  -  (p1x  -  o„>]  *, +  [1  - 


,  -  p  )  1  y  =0 

iy  Hry  J  Jo 


(4.11) 


A  little  thought  reveals  that  point  (x0»yo>  is  not  unique  and  that 
(4.11)  holds  for  any  choice  of  x_  and  y_ ;  therefore, 


P  =  ±(8.  -  6  ) 

H  Hix  prx 


q  =  ±(8.  -  8  ) 

iy  ry 


(4.12) 


where  the  choice  of  signs  indicates  that  L  could  have  been  chosen  in 
the  opposite  direction.  From  the  scattering  geometry  in  Fig.  32, 


Pix=  Pa 


8.  =o 
iy 


8  =8  sin  0  cos  0 

rx  K  r 


8  =8  sin  0  sin  0 

ry  K  r 


and  (4.12)  becomes 

p  =  8  sin  9  c°s  0  -  8a 
q  =  8  sin  0  sin  0 

The  spectrum  in  the  first-order  term  in  (4.7)  is  to  be  evaluated  at  pre¬ 
cisely  these  values  of  p  and  q;  as  a  result,  a  first-order  contribu¬ 
tion  to  the  radar  cross  section  is  made  by  only  those  ocean  waves  (or, 
more  correctly,  by  those  components  in  Rice’s  model)  that  meet  the  Bragg 
condition  for  n  =  1. 


INCIDENT  1 

R% 

x  /y  ^^RAY  SCATTERED 

\  /  TOWARD  OBSERVATION 

X  /  point 


Fig.  32.  INCIDENT-  AND  REFLECTED- RAY  GEOMETRY. 


To  explain  the  second-order  terms  in  (4.7)  by  means  of  a  double 

Bragg-scal.lori ng  process  (Fig.  33),  consider  two  ocean  wave  trains  whose 

propagation  constants  are  designated  by  p.,q  and  p  , q,  ,  where  p 

*■  *  2  2 


€ 
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Fig.  33.  DOUBLE  BRAGG-SCATTERING  GEOMETRY. 


and  q  represent  the  x-  and  y-components  of  the  propagation  constants, 
respectively.  Double  Bragg  scattering  occurs  when  radio  waves  scattered 
from  one  wave  train  [according  to  the  conditions  stated  in  (4.12)]  are, 
in  turn,  Bragg  scattered  by  a  second  wave  train. 

Assume  that  the  propagation  constant  of  the  intermediate  radio  wave 
(the  wave  scattered  from  the  first  ocean-wave  train  and  incident  on  the 
second)  is 


-AAA 

8  a  pa  +  qa  +  ra 
x  y  z 


(4.13) 


where  |p. |  =  2jt/A.  Conditions  (4.12)  applied  to  the  first  wave  train 
require  that 


I 


i 


and,  hence, 


Pi*'  & 

ely  =  o 

Prx  =  p 

fVy  =  11 

P1  = 

11 

xs 

1 

n 

(4.14) 


qir-q 


Bragg  scattering  from  the  second  wave  train  requires  that 


P,..  “  P 

1a 


P  =  B  sin  0  cos  0 
rx  K  y 


t 


r> 


and,  therefore, 


P.  =  q  P  =  sin  0  sin  0 

iy  ry  ^ 


P2  =  p  sin  0  cos  0  -  p 


q2  =  p  sin  0  sin  0  -  q 


(4.15) 


€ 
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The  spectra  in  the  second -order  terms  in  (4,7)  are  to  be  evaluated 
at  exactly  the  points  specified  by  (4.14)  and  (4.15)  which  are  the  con¬ 
ditions  for  double  Bragg  scattering.  In  addition,  the  variables  of  in¬ 
tegration  in  (4.7)  represent  the  x-  and  y-components  of  the  intermediate 
radio-wave  propagation  constant  defined  in  (4.13).  The  concept  of  mul¬ 
tiple  Bragg  scattering  adds  physical  significance  to  the  expressions  for 
radar  cross  section  and  will  be  helpful  in  evaluating  them  and  in  inter¬ 
preting  the  results. 


£ 


i: 


C.  Integration  Techniques 

Techniques  for  evaluating  the  second-order  terms  for  radar  cross 
section  will  be  confined  to  a  backs catter  grazing-incidence  geometry  for 
the  following  reasons . 


£ 
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(a)  The  radar  cross-section  expression  is  algebraically  much 
simpler;  however,  there  is  no  loss  in  generality  for  the 
integration  techniques  to  be  developed . 

(b)  Results  obtained  from  calculated  second -order  radar  cross 
section  for  these  conditions  have  been  published  [Barrick, 
1972] . 

(c)  Available  measured  data  that  can  be  compared  to  theoreti¬ 
cal  results  (Chapter  V)  are  limited  to  this  radar  geometry. 


1.  Reduction  of  to  Backscatter  Grazing  Incidence 

Equation  (4.7)  can  be  reduced  to  a  backscatter  grazing-inci¬ 
dence  geometry  by  imposing  the  following  conditions  on  the  angles  of  in¬ 
cidence  and  observation  (Fig.  32), 

e  =  90°  7=0 

0  =  180°  a  =  i 

As  a  result  of  these  conditions,  Eq.  (4.7)  becomes 


aim(w)  =  16«p4W(-2p,0)  5(r|  ±  u_) 

VV  o 


+  «p 


.4 


((  }2[(p  +  p)(p  -  p)  -  2b2(p,q)]2 
-oo  I  b(p,q)  b*(p,q) 


+  8 


kl  +  k2  +  sgn^k 


lk2  ■  kl  '  k2)r  ”  2  11  2 

V  1  -  %/\  1  2/ 


5(tj  ±  ±  u2)  W(p  -  P,q)  W(-p  -  p,-q)  dpdq  (4.16) 


where 

k-,  =  (p  -  P)  ax  +  qay 
k2  =  (-p  -  P)  ax  -  q£y 
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When  finite  conduct iv it y  is  assumed,  b(p,q)  +  PA  replaces 
b(p,q)  as  the  z-component  of  the  intermediate  wave  propagation  constant 
'Chapter  II. E),  where  A  is  the  normalized  surface  impedance.  Because 
PA  is  small  compared  to  b(p,q) ,  except  for  b(p,q)  near  zero,  this 
replacement  can  be  omitted  except  when  b(p,q)  appears  as  a  denominator ; 
omission  of  pA  in  the  denominator  of  (4.16)  causes  a  singularity  when 
b(p,q)  =  0.  From  Chapter  II, 


b(p,q)  = 


L2  2  2 

ip  -  P  -  q 


p2  >  P2  +  q2 


.  nr  2  2  2  2  2 

“i-VP  +  q  -  P  P  <  P  +  q 


whi<M,  combined  with  the  definitions  of  k^  and  kg,  yields 

|j*i  •  e2 + 

for  b(p,q)  b*(p,q)  in  tne  denominator  of  (4.16).  Consistency  with  the 
definition  of  b(p,q)  requires  the  negative  solution  for  negative  argu¬ 
ments  of  the  radical. 

I.i  the  numerator  of  (4.16),  where  (3A  can  be  neglected, 
b2(p,q)  a  -k2 

e  +  P  =  -*2x 

P  -  p  -  "“l. 
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and  the  entire  integrand  can  be  written  in  terms  of  the  ocean-wave  prop¬ 
agation  constants  k^,k2  as 


aw(w)  =  16*P  W(-2p,0)  6(n  +  coB) 


*3 


k  k_  -  2k,  •  k_ 
lx  2x  1  2 


*  k2  +  PA| 


r 

EM 


.  5(f)  ±  ±  W2)  W(kx)  W(k2)  dpdq  (4.17) 


where  r _  and  F„  denote  the  contributions  to  radar  cross  section 

EM  H 

from  second-order  electromagnetic  and  hydrodynamic  theory,  respectively. 

This  equation  is  similar  to  the  one  presented  by  Barrick  (1972) .  The 

difference  in  the  two  occurs  in  the  relationship  between  r  „  and  F  . 

EM  H 

Instead  of  writing 


V 


C 


c 


0 
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2IEM  +  8rH 


as  in  (4.17),  Barrick  combined  r_„  and  r  as 

EM  H 


4frKM  -  irHl 


where,  for  F  the  absolute-value  signs  are  dropped. 

Except  for  the  multiplicative  constants,  the  difference  be¬ 
tween  the  two  forms  corresponds  to  the  difference  between  incoherent  and 
coherent  addition  of  scattered  fields.  The  first,  representing  incoher¬ 
ent  addition,  comes  directly  from  the  mathematical  derivation;  the  sec¬ 
ond  can  be  argued  from  the  contention  that,  although  individual  first- 
order  ocean-wave  trains  may  be  uncorrolated ,  second-order  wave  trains 
are  related  to  the  first-order  waves  that  generate  them.  Consequently, 

1  i 
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the  first-order  fields  scattered  by  the  second-order  ocean  waves  (T  ) 

H 

should  be  correlated  to  the  second-order  fields  scattered  by  the  gener¬ 
ating  first-order  ocean  waves  (T—) .  The  correct  form  is  difficult  to 
determine;  perhaps  partially  coherent  addition  best  represents  the  ac¬ 
tual  scattering  process.  Incoherent  addition,  however,  will  be  retained 
here  although  either  form  is  equally  suitable  for  the  discussion  of  the 
integration  techniques  to  follow.  In  Chapter  V,  cross  sections  based  on 
both  will  be  compared  to  measured  data. 

The  difference  in  the  multiplicative  constants  or  relative 
weighting  between  r_.  and  T„  would  be  best  determined  by  a  detailed 
comparison  of  the  derivations .  A  derivation  of  the  second  form  is  not 
available,  however,  and  the  comparisons  in  Chapter  V  will  be  relied  on 
to  help  resolve  this  discrepancy. 

Thus  far,  care  has  been  taken  to  avoid  the  singularity  in  r_. 
by  introducing  a  finite  surface  impedance.  There  are,  however,  singu¬ 
larities  in  r  that  have  not  been  discussed,  and  these  occur  when  T)  = 
H 

=  0,  or  w2  =  0.  Actually,  when  =  0, 


and  when  u2  =  0, 


=  w 
2  B 


M1  *  UB  =  n 


so  that  a  singularity  occurs  only  at  t]  =  to l.  It  will  be  seen,  however, 

D 

in  Section  C.4  that,  because  of  the  low-frequency  cutoff  of  first-order 
ocean-wave  height  spectra,  there  is  no  contribution  to  second-order 
cross  section  at  the  first-order  Bragg  frequency  w  . 

B 


2.  Change  in  Variables  of  Integration 

One  of  the  integrations  required  to  evaluate  (4.17)  can  be 
carried  <"’t  analytically  with  the  aid  of  the  delta  function, 


/gv(p  -  3)2  +  q2  ±  vg  v(p  +  3)2  +  q2 
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For  example,  the  integration  over  q  can  be  eliminated  by  integrating 
over  p  and  evaluating  the  integrand'*'  at  values  of  q  for  which 


tj  ±  JgJ(.p  -  P)2  +  q2  ±  \jg  J(p  +  P)2  +  q2  =  0  (4.18) 

The  analytical  solution  to  this  equation,  however,  is  not  readily  appar¬ 
ent  and,  if  numerical  techniques  are  employed  to  integrate  (4.17),  this 
expression  must  be  solved  for  each  value  of  the  variable  of  integration. 
The  complexity  of  evaluating  these  roots  can  be  avoided  if  variables  can 
be  found  that  permit  an  analytical  solution.  Rewriting  the  delta -func¬ 
tion  argument  as 


n  ±  J^i  ±  <Ji*2 


(4.19) 


reveals  that  the  use  of  kj  and  k2  or 
provides  a  simple  solution  for  the  argument  zeros.  If  is  to  be  the 

remaining  variable,  integration  over  k2  can  be  performed  by  evaluating 
the  integrand  of  (4.17)  at 


Jgk^  and  Jgk2  as  variables 


Because  the  signs  of  p  and  q  are  formally  lost  in  the  definition  of 
k.  and  k  ,  care  must  be  exercised  in  selecting  the  proper  regions  of 

X  Cj 

integration;  these  regions  are  discussed  in  Sections  3,  4,  and  5. 

The  formal  change  of  variables  requires  a  Jacobian  for  the 
transformation  of  p  and  q  to  k^  and  k2>  defined  by 

dp  dq  =  Jdkjdk2 


^Because  of  the  form  of  the  arguments  in  the  delta  function,  the  inte¬ 
grand  in  (4,17)  must  be  multiplied  by  the  inverse  of  the  derivative  of 
(4.18)  with  respect  to  q.  This  additional  term  is  explained  in  more 
detail  later  in  this  section. 


t 
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v  *9  v-'rt- 


where 


qp  Je. 
3k^  3i^ 


dq  dq 

*1  5£ 


The  inverse  Jacobian  J  can  be  determined  from  the  definitions  of  k^ 

i 

and  k_  and,  when  it  exists,  the  Jacobian  can  be  found  from  the  rela- 
*  -1 

tionship  JJ  =  1.  In  this  case, 


2|q|  3 


(4.20a) 


The  sampling  property  of  the  delta  function,  expressed  mathe¬ 
matically  as 


F(x)  5(x)  dx  =  F(0) 


provides  another  Jacobian.  if,  instead  of  x,  the  argument  of  the  delta 
function  is  some  function  of  x  [such  as  f(x)3,  then 


F(x)  6[f(x)l  dx  £  F(x  ) 

o 


where  f(xQ)  =  0*  By  changing  the  variable  from  x  to  f(x). 


I  f(x)  sCf  (x)]  dx  =  I  f(x)  "rf-r('xy;'  <*f(x)  =  -rp 
*'-00  "'-00  '  * 


F(x  ) 
o 


where  the  modulus  sign  allows  for  the  property  6(-x)  =  5(x) .  For 
(4.19),  the  delta -function  Jacobian  is 
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j6=  if  •<k2>r1  =  2j- 


(4.20b) 


With  the  above  Jacobians  included,  integration  over  k2  with 
the  aid  of  the  delta  function  reduces  (4.17)  to  the  single  integral 


aW  ~  ^  /  [2rEM^kl,k20^  +  8rri^kl’k20^] 

•'—00  u 


•  *<V  W(iW  •  -fill  dkl 


(4.21) 


where 


n  1  j&i  1  =  0 

k20  =  (T>  ±  J&l)2/g 


The  vector  k„_  can  be  derived  from  the  definitions  of  k  and  k„ 

Z{J  i  4 

evaluated  at  k^  and  k2Q, 


, 2  ,  .2  2 

kx  =  (p  -  P)  +  q 


k20  =  (p  +  P)2  +  q2 


Solving  for  p  and  q  yields 


2  2 

k  -  k 
20  1 


,  2  ,2 
1  +  20  2 
i  - - - P 


(4  -  <) 


Then,  from  the  definition  of  k_  in  (4.16), 


140 


Both  positive  and  negative  values  of  q  must  be  included  in  the  evalua¬ 
tion  of  (4.21)  because  the  original  integral  spanned  the  region  -oo<q<a>; 
therefore,  the  integration  must  be  performed  twice,  once  for  +q  and 
once  for  -q . 


3.  Integration  Regions 

The  region  of  integration  for  the  untransformed  expression 
(4.17)  is  the  entire  p,q-plane  divided  into  regions  of  freely  propagat¬ 
ing  and  evanescent  intermediate  waves  by  the  circle  b(p,q)  =0,  as  il¬ 
lustrated  in  Fig.  34.  When  b(p,q)  is  real,  the  phase  factor  -ib(p,q) 
is  imaginary  and  the  intermediate  wave  is  a  freely  propagating  wave. 

When  b(p,q)  is  imaginary,  the  phase  factor  is  real  and  the  intermediate 
wave  field  attenuates  exponentially  away  from  the  surface  with  a  surface 
phase  velocity  greater  than  that  for  free-space  propagation.  The  transi¬ 
tion  from  one  region  to  another  is  of  considerable  interest  because  the 
integrands  of  (4.17)  and  (4.21)  become  nearly  singular  along  this  circle . 


Fig .  34.  PROPAGATION  REGIONS  FOR  INTER¬ 
MEDIATE  RADIO  WAVE. 


In  evaluating  (4.21),  it  is  helpful  to  view  pictorially  the 
regions  of  integration  in  both  the  p,q-plane  and  the  k^.kg-plane .  Fig¬ 
ure  35  represents  the  p,q-plane  with  the  loci  of  constant  k^  and  kg, 
defined  by  the  circles 

kx  =  \J( p  -  p)2  +  q2 

Jo  2 
(p  +  P)“  +  q 

superimposed.  Unless  these  circles  intersect,  no  points  p  and  q  can 
satisfy  simultaneously  the  definitions  of  k^  and  kg .  Figure  36  rep¬ 
resents  the  limits  of  intersection  from  which  the  regions  of  integration 
in  the  k^jk^ -plane  can  be  determined.  From  Fig.  36a, 

kl  +  k2  >  2p  (4.22a) 


Fig.  35.  LOCI  OF  OCEAN-WAVE  PROPAGATION  CONSTANTS 


g.  36.  LIMITS  OP  ALLOWABLE  OCEAN-WAVE  PROPAGATION  CONSTANTS.  Loci  of  constant  kx  and  k2  must  in¬ 
tersect  for  there  to  be  a  contribution  to  second-order  radar  cross  section.  Tangent  points  define  the 
limits  of  integration  in  the  k.,  fk  -plane. 


and  from  Pigs .  36b  and  36c , 


k2  <  kx  +  23 


(4.22b) 


kl  <  k2  + 


(4.22c) 


These  conditions  are  illustrated  in  Fig.  37  where  the  allowable  region 
of  integration  in  the  k^,k2~plane  is  shaded.  The  p,q-axes  indicate  that 
this  region  encompasses  the  entire  p ,q-plane . 


*x\ 

Y. 


Fig.  37.  INTEGRATION  REGION  IN  THE  ,k2 -PLANE.  The  shaded 

region  contains  all  values  of  ocean-wave  propagation  con¬ 
stants  that  contribute  to  the  radar  cross-section  inte- 


The  regions  of  propagating  and  evanescent  waves  for  the  inter¬ 
mediate  scattered  radio  wave  in  the  k^  jk^ -plane  can  be  determined  from 
the  definitions  of  k^  and  k2> 


,2  ,2  2.  2 

\  =  Cp  -  2pp  +  p  )  +  q 


2.2  22 

k_  =  (p  +  2pp  +  p  )  +  q 


Adding  these  and  using  the  condition 


2  2 
p  +  q  =  p 


for  the  transition  from  one  region  to  the  other  yields 


,2  ,2  .  n2 

kl  +  k2  ~ 


which  is  the  equation  for  a  circle  in  the  k1,kQ-plane  along  which 


b(p,q)  =  0  (Fig.  38) . 


EVANESCENT 


PROPAGATING 


Fig.  38.  PROPAGATION  REGIONS  FOR  INTERMEDI¬ 
ATE  RADIO  WAVE. 
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4.  Integration  Contours 


Elimination  of  one  of  the  variables  of  integration  by  means  of 
the  delta  function  has  reduced  the  double  integral  (4.17)  to  the  contour 
integral  (4.21),  where  the  relationship  (4.18)  between  k^,  k2,  and  t) 
provides  the  family  of  loci,  parametric  in  T),  along  which  (4.21)  is  to 
be  evaluated.  Much  of  the  behavior  of  0^(0))  as  a  function  of  tj  de¬ 
pends  on  how  these  contours  traverse  the  regions  of  integration. 


r 


r 


a.  Two  Modes  of  Integration 

The  choice  of  signs  in  the  argument  of  the  delta  function 
(4.19)  provides  two  distinct  families  of  integration  contours.  According 
to  the  double  Bragg-scattering  concept,  the  doppier  shift  i)  is  caused 
by  both  ocean-wave  trains  imparting  either  a  positive  or  negative  dop¬ 
pier  shift  to  the  radio  wave  (sum  mode)  or  by  one  ocean-wave  train  im¬ 
parting  a  positive  doppier  shift  while  the  other  imparts  a  negative  dop¬ 
pier  shift  (difference  mode).  Figure  39  illustrates  how  the  two  modes 
could  be  visualized.  If  the  signs  are  the  same,  the  zeros  of  the  delta 
function  are 


hi  -  +^al 

which  is  the  sum  mode  and,  if  they  are  different,  by 


hi  3  IJ®^  ~ 

i. 


€ 


which  is  the  difference  mode. 

In  the  sum  mode,  both  Njgk1  and  Js^2  mus't  be  less  than 
T)  (or  equal  to  rj  if  one  of  the  radical  terms  is  zero)  for  zeros  of  the 
delta  function  to  exist.  In  the  difference  mode,  however,  both  radical 
terms  can  be  large  as  long  as  their  difference  is  less  than  q. 

For  positive  values  of  t) ,  the  sum-mode  contours  are 


k2  = 


<n  -  y 


*1  >  Jzk i 
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Fig.  39.  DOPPLER  SHIFTS  FROM  TWO  OCEAN  WAVES.  Two  ocean 
waves  can  impart  doppler  shifts  of  either  the  same  sign 
(sum  mode)  or  of  different  signs  (difference  mode).  The 
total  shift  can  be  positive  or  negative  for  either  mode, 
depending  on  the  directions  and  relative  magnitudes  of 
and  k2 . 


These  contours,  which  also  represent  negative  values  of  T),  are  plotted 
in  Fig.  40.  Similar  contours  of  integration  for  the  difference  mode  come 
from 


+  -vjlkp 


.2 


k2  =  g 


k2  >ki 


or 


k  = 

i  e 


ki  >k2 


The  difference -mode  contours  (Fig.  41)  are  double  valued. 
The  contour  to  be  used  in  the  integration  for  a  particular  value  of  t] 
depends  on  the  relative  magnitude  of  k^  and  kg .  For  example,  if  t] 
is  positive,  with  one  ocean-wave  train  providing  a  positive  doppler  shift 
and  the  other  providing  a  negative  doppler  shift,  then 

n  = 


* 
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Fig.  40.  SUM-MODE  INTEGRATION  CONTOURS. 

and  k^  must  always  be  greater  than  kg.  If  T]  is  negative,  kg  must 
be  greater  than  k^.  If  the  sign  of  tne  doppler  shift  from  each  of  the 
wave  trains  is  reversed ,  k„  >  ki  implies  positive  t|  and  k.,  >  k_ 
implies  negative  ^ . 

A  comparison  of  the  sum-  and  difference-mode  contours  in 
Figs.  40  and  41  indicates  that  scattered  radio  waves  with  doppler  shifts 
greater  than  occur  in  the  sum  mode  only  and  that  doppler  shifts  less 

D 

than  oj  result  from  difference -mode  scattering.  This  modal  separation 

D 

can  be  shown  mathematically  from  the  conditions  stated  in  (4.22)  and  pro¬ 
vides  a  convenient  means  by  which  to  distinguish  the  sum-  and  difference- 

(2^  + 

mode  regions  in  plots  of  (t))  . 

-  ^g j 

aVV  <Tl)  emphasizes  the  dependence  of  radar  cross  section  on  doppler 
shift  and  replaces  the  notetion  ('<>).  The  superscript  denotes  sec¬ 
ond  order .  v 


c 
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Fig.  41.  DIFFERENCE-MODE  INTEGRATION  CONTOURS. 


€ 


i 


i 
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In  either  mode,  the  contours  for  T]  =  io^  cross  the  inte¬ 
gration  region  only  at  points  (2(3,0)  or  (0,20)  in  the  k^kg-plane. 


Because  neither  k„  nor 


k2  can  be  zero  for  real  ocean  waves,  there  is 


no  second-order  contribution  to  radar  cross  section  at  the  first-order 
Bragg  line;  in  fact,  ocean-wave  spectra  have  cutoffs  well  above  k  =  0 
(Chapter  III.C),  and  no  second-order  contribution  is  expected  near  the 
first-order  Bragg  line. 


(2) 

b.  Relationship  between  Integration  Contours  and  (Tp 

In  this  section,  individual  integration  contours  will  be 
examined  to  determine  how  they  are  related  to  particular  features  of  a 
typical  plot  of  o^Crj).  Where  applicable,  those  features  will  also  be 
explained  in  terms  of  double  Bragg  scattering. 
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Figure  42  is  a  plot  of  Oyy(T))  obtained  by  integrating 
(4.21)  with  a  Munk  wave-height  spectrum  (Table  1)  at  a  wind  speed  of  30 
knots  (friction  velocity  =  0,725  m/sec).  Figure  43  shows  the  relation¬ 
ship  between  wind  direction  and  radio-wave  propagation  directions.  The 
radar  transmi tter  frequency  is  10  MHz . 


-2  -I  0  I  2 3/4  2 

NORMALIZED  DOPPLER  SHIFT  tj/wg 


Fig.  42.  TYPICAL  PLOT  OF  INCREMENTAL  RADAR  CROSS  SECTION  FOR  A 
MUNK  WAVE-HEIGHT  SPECTRUM.  Wind  =  30  knots  at  135°  with  re¬ 
spect  to  the  radar  direction  (Fig.  43).  Radar  frequency  =  10 
MHz.  First-order  Bragg-line  height  is  proportional  to  power 
rather  than  to  power  spectral  density. 
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Pig.  43.  RADAR-WIND  GEOMETRY. 


The  features  to  be  correlated  with  the  integration  con- 

3 

tours  are  the  spikes  in  Fig.  42  occurring  at  tj  =  ^  u  and  2  '  w  . 

B  B 

These  peaks  result  when  the  integration  contours  traverse  regions  where 
the  integrand  becomes  large  or  nearly  singular.  For  example,  the  inte¬ 
grand  in  (4.17)  is  nearly  singular  when 


kx  •  k2  =  0  (4.23) 

if  the  normalized  surface  impedance  A  is  small.  Condition  (4.23)  de¬ 
fines  the  transition  line  from  propagating  to  evanescent  intermediate 

radio  waves  illustrated  in  Fig.  38,  and  integration  contours  approach- 

(2) 

ing  this  line  can  be  expected  to  cause  high  values  of  a ^  (r^) .  The 

difference-mode  contours  (Fig.  41)  all  cross  this  line;  however,  they 

cross  almost  orthogonally  so  that  the  transition-line  contribution  to 

the  integral  should  be  small  compared  to  the  total  contribution.  Al- 

though  the  overall  level  of  <j^  (tj)  in  the  difference  region  should 

be  higher  than  in  the  regions  where  the  contours  do  not  approach  the 

3/4 

transition  line  (sum  mode  for  T]  >  2  u  ) ,  there  should  be  no  dis- 

tinguishable  features  for  any  single  value  of  rj ,  as  indicated  in  Fig.  42. 

In  the  sum  mode ,  many  of  the  contours  do  not  cross  the 

(2) 

transition  line  (Fig.  40)  but,  for  those  that  do,  (t|)  should  be 

vv  3/4 

higher  (this  is  verified  by  Fig.  42).  In  particular,  when  tj  =  2  w  , 
the  integration  contour  is  tangent  to  the  transition  line  and  a  large 
integrand  exists  over  a  substantial  part  of  the  contour,  thereby  creat¬ 
ing  a  spike  at  this  frequency. 
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In  terms  of  multiple  scattering,  the  transition  line  de¬ 
termined  by  (4.23)  corresponds  to  ocean -wave  trains  traveling  in  ortho¬ 
gonal  directions  (k^  •  -  0)  and  produces  a  corner  reflector  effect 

(Fig.  44)^  where  radio  waves  incident  on  either  wave  train  produce  back- 
scatter.  The  direction  of  the  ocean-wave  propagation  vectors  can  be  such 

that  either  the  sum  or  difference  mode  exists.  The  lack  of  a  definite 
3/4 

spike  at  ri  =  -2  u>  is  the  result  of  the  wave-height  directional 

B 

spectrum  and  wind  direction  selected.  Figures  43  and  44  show  that  one 
of  the  wave  trains  forming  the  corner  reflector  propagates  along  the 
line  defining  the  wind  direction.  For  positive  doppler  shifts,  this 
wave  train  must  have  a  component  of  propagation  toward  the  radar  (see 
Section  C.5)  and  must,  therefore,  propagate  in  the  wind  direction;  how¬ 
ever,  for  negative  doppler  shifts,  this  wave  train  propagates  directly 
against  the  wind  where  the  Munk  spectrum  has  zero  amplitude  when  €  a  0 


t 


Fig.  44.  CORNER  REFLECTOR. 

€ 

^When  the  intermediate  wave  propagates  on  the  surface  with  propagation 
constant  p  (this  occurs  on  the  transition  line) ,  the  incident ,  re¬ 
flected,  and  intermediate  radio  rays  are  coplanar  for  the  backscatter 
geometry  chosen  and  Snell's  law  implied  by  Fig.  44  is  applicable.  Gen- 
erally,  when  the  intermediate  wave  has  a  vertical  component  of  propaga¬ 
tion  or  is  an  evanescent  wave,  such  a  simple  picture  cannot  be  drawn. 
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and  only  small  amplitude  when  e  is  finite.  At  the  point  where  the 
sum-mode  contour  is  tangent  to  the  transition  line  (Pig.  40),  k1  =  k 
and  p  =  0.  As  a  result, 


indicating  that  the  tangent  sum-mode  contour  does  indeed  correspond  to 
3/4 

the  2  to  spike  shown  in  Fig.  42. 

B 

The  integrand  in  Eq.  (4.17)  reveals  no  obvious  singular¬ 
ities  at  T]  =  \]2 to  .  Although  the  transformation  Jacobian  (4.20)  is  un- 
defined  at  q  =  0  and,  hence,  the  transformed  version  (4.21)  of  Eq. 
(4.17)  appears  to  have  a  singularity  along  the  entire  p-axis  which  bounds 
the  region  of  integration  in  the  k^jkg-plane,  it  will  be  shown  in  Appen¬ 
dix  A  that  this  is  an  integrable  singularity  except  when  p  =  P  and 
q  =  0;  in  this  case,  the  integrand  is  already  singular  because  T)  =  <o_. 

Because  no  obvious  singularities  create  the  ^2  u  spike, 

B 

a  plot  of  the  integrand  will  be  examined  for  a  clue .  Figures  45a  and  45b 
illustrate  the  sum-  and  difference-mode  integrands  in  Eq.  (4 .17)  with  the 
delta  function  and  spectral  terms  excluded,  and  Fig.  45c  indicates  the 
paths  along  which  the  integrands  were  calculated.  The  sum-mode  integrand 
becomes  quite  large  near  the  portion  of  the  p-axis  that  lies  on  the  k^  + 
k_  =-  2p  line,  particularly  at  q  s  n/2  w  where  the  integration  contour 
is  tangent  to  this  segment  of  the  p-axis .  The  greatest  integrand  con¬ 
tribution  to  this  spike  occurs  at  the  p,q-origin  where  k^  =  kg  =  p,  and 
k^  and  kg  are  aligned  with  the  radar  direction  (x-axis  in  Fig.  32). 

If  k^  and  k^  are  in  the  same  direction,  they  represent  a  single  wave 
train  with  k  =  3  (this  is  the  Bragg  condition  for  n  =*  2;  see  Section 
B) .  Because  the  phase  velocity  of  an  ocean  wave  is  Vg/k ,  the  phase 
velocity  of  an  ocean  wave  with  k  =  3  is  \/2~  times  greater  than  that 
of  a  wave  train  causing  first-order  Bragg  scattering  (k  ■  23). 

Figure  46  illustrates  what  happens  in  terms  of  multiple 
scattering.  With  p  and  q  both  zero,  the  intermediate  radio  wave 
propagates  along  the  z-axis  and,  although  it  propagates  away  from  the 
ocean  surface,  the  fields  associated  with  this  radio  wave  interact  with 
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a .  Sum  mode 


b.  Difference  mode 


Fig.  45.  SEOOND-ORDER  RADAR  CROSS-SECTION  INTEGRANDS.  Sum-  and 

difference-mode  integrands  are  calculated  along  the  line  k2  =  k2  + 

A  ?  (3  in  (c),  where  A  varies  from  0  to  1.8.  Integrands  exclude  the 
delta  function  and  spectral  terms  in  Eq.(4.17). 


t  '■>W^i»etlgfWrrrt  fOnf&l 
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Fig.  46.  MULTIPLE  BRAGG  SCATTERING 
FOR  kj  =  k2  =  p.  Incident  radio 
waves  are  scattered  away  from  the 
surface  by  wave  train  1.  The  sec¬ 
ond  wave  train  scatters  the  inter¬ 
mediate  radio  wave  back  along  the 
surface . 


the  second  ocean-wave  train  in  such  a  manner  as  to  produce  the  backseat - 
tered  radio  wave  shown.  Note  that  both  the  sum-  and  difference-mode  in¬ 
tegrands  continue  to  increase  as  k^  and  k2  increase;  whereas ,  Fig. 

42  shows  that,  as  these  constants  increase,  the  sum-mode  total  integral 

decreases.  This  is  the  result  of  the  spectral  terms  (excluded  from  the 

-4 

integrand  calculations)  decreasing  at  the  rate  of  k  (see  Table  1). 


5.  Doppler  Shift  as  a  Function  of  Ocean-ffave  Direction 

The  choice  of  signs  in  the  delta  function  in  Eq.  (4.17)  deter¬ 
mines  which  contours  (sum  or  difference  mode)  are  to  be  used  in  evaluat- 
(2) 

ing  Oyy  (tj)  ;  however,  the  criterion  for  selecting  those  signs  has  not 
been  established.  Whether  a  given  wave  train  causes  a  positive  or  nega¬ 
tive  doppler  shift  in  a  radar  signal  will  depend  on  the  direction  of 
occ - -i-wave  propagation . 
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The  relationship  between  doppler  shift  and  ocean-wave  direc¬ 
tion  can  be  found  by  considering  what  happens  when  a  radar  signal  with 
propagation  constant  (3^  impinges  on  an  ocean  wave  traveling  with  ve¬ 
locity  v  (Fig.  47).  An  observer  traveling  with  the  wave  will  see  the 
radar  signal  doppler  shifted  by  an  amount 


to 


dl 


v 


;  c 


(* 


t; 
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To  first  order/  a  stationary  observer  at  point  0  will  see  a  doppler 
shift  (relative  to  the  frequency  noted  by  the  observer  moving  with  the 
wave)  of 


CO 


d2 


•  v 


Fig.  47.  SINGLE-SCATTER  DOPPLER-SHIFT 
!  GEOMETRY. 

I 

|  £ 


f  4- 

|  First  order  denotes  that  py  is  taken  as  co0/c  rather  than  the  more 

|  exact  (to0  +wdl)/c,  inhere  <oQ  is  the  transmitted  frequency  and  c  is 

f  the  velocity  of  radio-wave  propagation.  This  simplification  was  also 

\  assumed  in  Chapter  II  for  tho  derivations  that  led  to  Eq.  (4.17). 
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As  a  result,  the  total  doppler  shift  imparted  to  the  Incident  signal  by 
the  ocean  wave  is 


0) 


dl 


+  w 


d2 


=  v 


(4.24) 


When  the  dispersion  relationship  (3.24)  replaces  v  with  a  function  of 
the  ocean-wave  propagation  constant  k,  the  total  doppler  shift  becomes 


0)_ 


D 


(4.25) 


The  doppler  shifts  imparted  by  the  two  ocean-wave  trains  asso¬ 
ciated  with  (4.17)  or  (4.21)  can  now  be  calculated  directly  from  (4.25). 
Prom  Fig.  48,  the  radio-  and  ocean-wave  propagation  vectors  for  the  first 
wave  train  are 


P  =  pa 
i  x 

(4.26a) 

t: 

8  =  pa  +  qa  +  ra 
t  x  y  z 

(4.26b) 

kj_  ■  (p  -  P>  \  +  qay 

(4.26c) 

* 

and 

the  doppler  shift  according  to  (4.25)  is  positive  with 

a  magnitude 

of 

1 

II 

TO] 

W 

M  1 

For 

the  second  wave  train, 

* 

h  =  +  q\  t 

(4.27a) 

ii 

> 

(4.27b) 

t 

k2  =  (-P  -  P)  ax  -  qay 

(4.27c) 
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Fig.  48.  RELATIONSHIP  BETWEEN  RADIO-WAVE  AND  OCEAN-WAVE 
PROPAGATION  VECTORS . 


and,  again,  the  doppler  shift  is  positive,  but  with  a  magnitude  of 


“2  - 


The  corresponding  delta  function  in  (  .17)  for  the  ocean  waves 
defined  by  (4.26c)  and  (4.27c)  is 

8(tj  -  Uj  -  u2) 

To  obtain  delta  functions  representing  the  negative  sum  mode  or  the  dif¬ 
ference  modes  requires  expansion  of  the  definitions  of  k.^  and  k2  to 
include  ±k^  and  ±k2 .  The  restrictions  on  and  k2  in  (4.26c) 

and  (4.27c)  are  a  consequence  of  the  fact  that  the  scattering  geometry 
(Fig.  48)  is  independent  of  wave  direction.  Expanding  these  definitions 
does  not  change  the  orientation  of  the  wave  trains  but  simply  specifies 
their  direction  of  propagation.  Ihe  equations  for  radar  cross  section 
yield  (4.26c)  and  (4.27c)  rather  than  the  negative  counterparts  because 
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positive  directions  of  ocean-wave  propagation  were  assumed  in  their  der¬ 
ivation.  The  integral  in  (4.21)  must  be  evaluated  four  times,  once  for 
each  possible  directional  combination  of  ’  and  k2  if  second-order 
cross  section  is  to  be  completely  determined. 

An  interesting  result  of  Eq.  (4.2b)  is  that  ocean  waves  that 
appear  to  provide  a  particular  sign  for  or  do  not.  For  exam¬ 

ple,  an  ocean  wave  with  a  velocity  component  in  the  negative  x-direction 
(Fig.  47)  could  be  expected  to  impart  a  positive  doppler  shift  to  a  radar 
signal  traveling  in  the  positive  x-direction.  To  verify  that  this  does 
not  necessarily  occur,  consider  an  ocean  wave  with  the  propagation  vec- 


k  =  “(P  -  P>  ax  -  qay 


and  a  radio  wave  with  propagation  components  (Fig.  48), 


r  A  A  A 

P  =  pa  +  qa  +  ra 
r  x  y  z 


Equation  (4.25)  shows  that  these  propagation  vectors  result  in  a  negative 
doppler  shift;  however,  k  can  be  negative  (k  negative  was  expected 
to  provide  a  positive  doppler  shift)  if  p  is  positive  and  larger  than 
the  radio-wave  propagation  constant  p.  Under  certain  conditions,  then, 
an  ocean  wave  with  a  velocity  component  in  the  direction  of  the  radar  may 
provide  a  negative  doppler  shift;  this  condition  is  p  >  p.  Because 


f>  ?  9  O 

P”  "  P  -  q  =  b2(p,q) 


b(p,q)  is  imaginary  and  the  reflected  wave  is  evanescent. 

Because  the  evanescent  region  must  be  included  in  the  integra¬ 
tion  of  (4.17)  or  (4.21),  the  signs  of  and  must  be  based  on  Eq. 
(4.25).  Barrick  (1972)  apparently  used  only  the  sign  of  the  x-component 
of  the  ocean-wave  propagation  constant  as  the  criterion  for  selecting 


these  signs  in  the  delta  function,  in  disagreement  with  the  conclusion 
here . 

6.  Integration  Limits 

Ostensibly,  the  integration  limits  for  (4.21)  are  from  zero 
to  infinity;  however,  the  integration  contours  (Figs.  40  and  41)  cross 
the  integration  region  boundaries  within  these  outer  limits .  Actual 
limits  are  obtained  from  the  intersection  of  the  contours  with  the  re¬ 
gion  boundaries.  These  intersection  points  are  shown  in  Fig.  49  for 
both  sum-  and  difference -mode  contours . 


2£  k2  2  IB  k2 


a .  Sum  mode  b .  Difference  mode 

Fig.  49.  INTEGRATION  LIMITS. 


Point  (a)  for  the  sum  mode  is  the  intersection  of  the  boundary 


kj  =  ^  +  2p 

with  the  contour 

<n  -  Ji\>2 
k2 - i - 


(4.28) 


(4.29) 
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The  value  of  the  variable  of  Integration  at  this  point  is  found  by 
solving  (4.28)  and  (4.29), 

/  2  2\2 

K  -  ) 

kj(a)  =  — 2 — —  (4.30) 

4t)  g 


Similarly,  the  intersection  of  the  sum-mode  contour  (4.29)  with  the 
boundary 

kl  =  k2  + 

provides  the  value  of  k1  at  point  (b) , 


kx(b) 


.  2 
4n  g 


(4.31) 


For  T]  <  \/2~  0)  , 


this  contour  also  intersects  the  boundary 


kl  +  k2  =  2p 


(4.32) 


Combining  (4.29)  and  (4.32)  results  in  a  quadratic  expression  for  k^ 
whose  two  solutions  correspond  to  points  (c)  and  (d), 


2  I  2  2 

%  -  n  ^2wn  -  T) 


,  /  x  B  ''  N/  B 
kl<C)  “  - 2 « 


2  Ll  2 

Vd> - 55 - 


The  difference-mode  contours 


k2  " 


<*1  + 


(4.33a) 


(4.33b) 


161 


<T1  +  *J&2)2 

k  =  - 

1  g 

Intersecting  the  integration  region  boundaries  establishes  the  limits 
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4n  g 


(4.34a) 


(4.34b) 


(4.34c) 


(4.34d) 


Derivation  of  these  limits  completes  the  prerequisites  for  evaluating 

or*2* (n)  by  Eq.  (4.21). 
v  V 


D.  Numerical  Methods  and  Results 

Several  examples  of  calculated  incremental  radar  cross  section  per 
unit  frequency  as  a  functior  of  doppler  shift  are  presented  in  this  sec¬ 
tion.  These  examples  show  variations  of  0^(11)  with  wind  speed  and 
direction  for  the  first-order  wave-height  spectral  models  described  in 
Chapter  III  (Table  1).  Power  in  the  second-order  sidebands  is  calcu¬ 
lated  and  compared  to  first-order,  or  Bragg-line,  power  in  an  attempt 
to  find  methods  for  predicting  wind  speed  and  direction  from  radar  mea¬ 
surements.  Attention  is  restricted  to  (^(t))  because,  for  grazing 
incidence  and  observation,  only  vertically  polarized  radar  echoes  are 
observed . 
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1.  Integration  Methods 

Numerical  techniques  are  utilized  to  evaluate  (4.21)  for 
a^(T))*  The  integration  region  (Fig.  37)  is  subdivided  into  three 
smaller  regions  (Fig.  50)  so  as  to  isolate  the  circle  b(p,q)=0  where 
the  Integrand  of  (4.21)  is  nearly 
singular.  In  the  annulus  (region 
2),  the  integrand  is  evaluated  at 
finer  increments  than  is  required 
in  region  1  or  3.  The  lengths  of 
the  radii  and  R^t  defining 

region  2,  are  not  critical  and  were 
set  at  1 .8(3  and  2.2(3  for  conve¬ 
nience.  Simpson’s  rule  for  numer¬ 
ical  integration  OHerriot ,  1963 , 
pp.  25-29]  was  used  to  obtain  the 
results  presented. 

The  number  of  points  re¬ 
quired  by  Simpson’s  method  in  re¬ 
gion  2  depends  on  the  steepness  of  the  integrand  slope  near  b(p,q)  =  0 
which,  in  turn,  depends  on  t.ie  value  chosen  for  the  normalized  surface 
impedance  A.  Barrick  (1971)  has  calculated  values  of  A  as  a  function 
of  wind  speed  for  several  first-order  wave-height  spectral  models.  Fig¬ 
ure  51  presents  surface  impedances  based  on  a  Phillips  (Table  1)  iso¬ 
tropic  spectrum.  For  directional  spectrum  models,  A  is  a  function  of 
wind  direction  as  well  as  wind  speed  for  a  given  radio  frequency  [Bar- 
rick,  1971]. 

3/4 

Except  when  tj  «  2  u  ,  the  exact  value  selected  for  A  in 

B 

the  evaluation  of  (4.21)  is  not  critical.  In  the  difference  mode,  where 
integration  contours  cross  b(p,q)  =  0  almost  orthogonally  (Fig.  41), 
the  contribution  to  (rj)  from  region  2  is  relatively  small  compared 

to  the  total  value  of  the  integral.  In  the  sum  mode  (Fig.  40),  contri¬ 
butions  from  region  2  are  again  small  (although  not  as  small  as  those  in 
the  difference  mode)  except  when  the  integration  contours  are  nearly  tan¬ 
gent  to  b(p,q)  =  0.  It  can  be  observed  in  > 12  that  the  power  (aret 

3/4 

under  the  curve)  in  the  received  radar  signal  rj  =  2 


Fig.  50.  SUBREGIONS  OF  INTEGRATION. 


(0^  is  also 


Fig.  51.  EFFECTIVE  SURFACE  IMPEDANCE.  Calculated  nor¬ 
malized  effective  surface  impedance  A  is  based  on  a 
Phillips  isotropic  wave-height  spectrum. 


small  compared  to  the  total  received  power;  therefore,  unless  a  precise 
(2)  3  4 

value  of  o'  (rj)  is  required  at  tj  =  2  ‘  to  ,  values  of  A  larger 
W  B 

than  those  indicated  in  Fig.  51  can  be  chosen  with  little  effect  on 

(2) 

cr^y  (tj)  .  To  reduce  the  number  of  points  at  which  the  integrand  in  (4.21) 
must  be  evaluated  in  region  2,  a  value  of  A  =  0.05  +  i  0.05  was  set  for 
all  computations  presented  here . 


2.  Calculated  Values  of  gyy('n) 

Figure  52  is  a  plot  of  o  (t^)  •  w  vs  t]/u>  for  a  Phillips 

W  B  B 

semi-isotropic  wave-height  spectrum.  Ihe  wind  speed  Is  30  knots,  and  the 
directions  (Fig.  53)  are  crosswind  and  upwind,  corresponding  to  0^-  90° 
and  ©w  =  180°,  respectively.  The  value  of  the  equilibrium  range  con¬ 
stant  is  3g  =  0.01  and  will  be  maintained  throughout.  Swell  has  been 
neglected  in  the  calculations  leading  to  Fig.  52  and  in  most  of  the  re¬ 
sults  presented  here ,  except  where  noted .  The  radar  frequency  is  10  MHz . 

The  first-order  contributions  to  incremental  radar  cross  sec¬ 
tion  per  unit  fre' lency  are  represented  by  delta  functions  in  frequency 
[Eq.  (4.21)].  These  Bragg  lines  are  shown  in  Fig.  52;  however,  the 
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Fig.  52.  RADAR  CROSS  SECTION  FOR  A  PHILLIPS  SEMI¬ 
ISOTROPIC  WAVE-HEIGHT  SPECTRUM.  Wind  speed  =  30 
knots  ;  radar  frequency  =  10  MHz . 


height  of  the  lines  denotes  the  power  in  the  first-order  radar  echo 


a  ,  vdiere 

yy  ’ 


V  (T>> 


for  the  positive  Bragg  line,  and 


i 
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V  =  f  CTW><T1)  dri 

-00 

for  the  negative  Bragg  line.  The  first-order  contribution  to  (4.21)  is 
(see  Appendix  B)  . 


Fig.  53.  WIND  DIRECTIONS. 


Figure  52  also  exhibits  the  characteristic  spikes  at  ^  =  ±.  J§w 

3/4  ^  B 

and  T]  =  ±2  w  that  appeared  in  the  radar  cross  section  of  the  Munk 
13 

spectrum  (Fig.  42).  These  spikes  were  considered  in  some  detail  in  Sec¬ 
tion  C.4.b. 

A  feature  characteristic  of  all  semi-isotropic  spectra  is  their 
lack  of  radar  cross  section  in  certain  regions  of  doppler  shift  tj.  There 
is  no  sum-mode  cross  section  in  the  crosswind  direction,  and  scattered 
power  has  only  a  positive  or  negative  doppler  shift  in  the  upwind  or 
downwind  directions,  respectively.  This  feature  can  be  explained  by  ap¬ 
plying  the  double  Bragg-scattering  concept  to  a  wave-height  spectrum  that 
is  nonzero  only  on  a  half-plane  (Fig.  20). 

The  sharp  cutoffs  in  radar  cross  section  near  the  Bragg  lines 
in  Fig.  52  result  when  the  wave-height  spectr*  is  limited  to  waves  trav¬ 
eling  slower  than  the  wind.  In  the  different; ^-'nvd.e  region  of  positive 

(2) 

doppler  shift,  the  maximum  value  Tlmax  at  which  ayy  (T))  is  nonzero 
occurs  when  one  ocean-wave  train  in  a  double  Bragg-scattering  process 
produces  the  maximum  possible  doppler  shift  wjmax  and  the  second  pro¬ 
duces  the  minimum  possible  doppler  shift  W2min’  that  is, 


166 


or 


^Vax  =  ^lmax  2min 


\ax  ^^lmax  Jgk2min 


I 


Because  of  the  wave -speed  limitation,  kn_J  =  g/C  where 

2m in  max 

C  *s  wave  equal  to  wind  speed.  From  Fig.  36, 


therefore , 


kx  -  k2  <  2p 


i' 


and 


“im*  =  2fS  +  ’‘toin  *  2f!  * 

max 


Vs=  2Pg+-|_-5 


C  max 

max 


(4.35) 


In  the  sum-mode  region  of  positive  doppler  shift,  a  similar  argument 
leads  to 


Vn  =  2f3g  "  JT 


(4.36) 


max 


max 


\  € 


These  last  two  equations  represent  the  values  of  doppler  shift  at  which 
the  second-order  contribution  to  radar  cross  section  near  the  Bragg 
lines  becomes  zero.  For  the  examples  in  Fig.  52,  =  ^.730)^  in 

the  difference  mode  and  =  ±1.26^  in  the  sum  mode.  These  expres¬ 

sions  are  valid  when  the  wave-height  spectrum  cutoff  is  determined  solely 

by  C  ,  whatever  the  relationship  between  wind  speed  and  maximum  wave 
max 

speed . 

A  souewhat  more  realistic  description  of  incremental  radar 
cross  section  is  plotted  in  Fig.  54  where  a  Munk  wave-height  spectrum 
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(Table  1)  has  been  assumed.  In  this  spectrum,  ocean  waves  are  allowed 
to  propagate  in  all  directions;  as  a  result,  there  are  sum-  and  differ¬ 
ence-mode  contributions  to  second-order ^ radar  cross  sections  at  positive 
and  negative  doppler  shifts  for  both  crosswind  and  upwind  conditions. 

The  wind  speed  of  30  knots  is  assumed  at  an  anemometer  height  of  6.4  m 
and  corresponds  to  a  friction  velocity  of  0.725  m/sec.  The  constant  e 
allows  for  ocean-wave  energy  propagating  against  the  wind  and  is  zero  in 
this  example;  however,  Pig.  55  illustrates  the  effects  of  finite  e. 

The  position  of  the  near-Bragg-line  cutoffs  for  this  spectrum 
are  determined  by  the  ^-parameter  cutoff  |iQ  which  is  related  to  the 
maximum  wave  velocity  by 

-  h. 

max  "  u.  K 
Ho 

where  K  is  Karman's  constant  («0.41)  and  u+  (Chapter  III.C.2)  is  the 
friction  velocity  defined  by  Eq.  (3.45).  For  =  °*1>  \ax  =  ±0,76wB 
and  =  ±1.24o)^  from  Eqs.  (4.35)  and  (4.36). 

An  example  of  radar  cross  section  that  does  not  have  quite  the 
sharp  near-Bragg-line  cutoffs  associated  with  the  Phillips  and  Munk  spec¬ 
tra  is  shown  in  Fig.  56,  where  a  Pierson-Moskowitz  amplitude  spectrum 

2 

with  a  directional  dependence  of  cos  (0/2)  (Table  1)  has  been  assumed. 
This  spectrum  provides  an  exponential  wave-height  decay  for  waves  travel¬ 
ing  faster  than  the  wind  (Fig.  19),  rather  than  a  sharp  transition  to 
-sero  wave  height,  and  will  be  used  in  most  of  the  remaining  discussion 
of  ayv(T))  in  this  chapter;  however,  corresponding  results  obtained 
from  the  Phillips  and  Munk  spectra  are  presented  in  Appendix  C. 

Variations  of  0^(1])  with  wind  direction  are  illustrated  in 
Fig.  57  for  9^  =  112.5°,  135°,  and  154.5°  (Fig.  53).  The  upwind  and 
crosswind  values  (0  =  180°  and  90°)  for  0  (r|)  are  found  in  Fig. 

W  V  V 

56.  Plots  of  cXy^XTi)  for  9 ^  between  180°  and  90°  also  represent 

o.—. ( — T| )  for  6  from  0°  to  90°,  respectively.  Plots  for  both  negative 
W  W 

and  positive  values  of  are  the  same. 

As  the  direction  changes  from  crosswind  to  upwind,  values  of 
rr  (ij)  for  positive  doppler  shifts  increase  and  those  for  negative 
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Pig.  55.  RADAR  CROSS  SECTION  FOR  WAVES  TRAVELING  AGAINST  THE 
WIND.  A  Monk  wave -height  spectrum  with  wind  speed  =  30  knots 
and  direction  =  135°  assumed. 


Fig.  56.  RADAR  CROSS  SECTION  FOR  A  PIERSON-MOSKOWITZ  COSINE- 
SQUARED  WAVE-HEIGHT  SPECTRUM.  Wind  speed  =  30  knots;  radar 
frequency  =  10  MHz . 
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Fig.  57.  VARIATIONS  IN  RADAR  CROSS  SECTION  WITH  WIND 
A  Pierson-Moskowitz  cosine -squared  wave-height  spectr 
C  speed  =  30  knots  assumed.  Radar  frequency  =  10  MHz. 
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shifts  become  smaller.  A  similar  trend  toward  negative  r|  occurs  when 
the  direction  shifts  to  downwind.  Both  first-  and  second-order  contri¬ 
butions  to  <Tyy(T))  exhibit  this  wind -direct  ion  dependence,  suggesting 
that  either  could  be  used  to  determine  wind  direction  from  radar  mea¬ 
surements.  This  possibility  is  discussed  in  the  next  section. 

Variations  of  0^(11)  with  wind  speed  are  plotted  in  Fig.  58, 
where  the  first-order  Bragg  lines  have  been  suppressed  for  clarity.  An 
increase  in  wind  speed  has  little  effect  on  ocean  waves  that  are  already 
saturated ;  however ,  as  wind  speed  increases ,  the  unsaturated  lower  fre¬ 
quency  waves  grow  in  height  until  equilibrium  is  reached  (Fig.  19  illu¬ 
strates  the  equilibrium  state  or  wave-height  spectrum  for  the  Pierson- 
Moskowitz  and  Phillips  models  with  wind  speeds  of  20  and  40  knots). 


Fig.  58.  VARIATIONS  IN  RADAR  CROSS  SECTION  WITH  WIND  SPEED.  A 
Pierson-Moskowitz  cosine -squared  wave-height  spectrum  with  wind 
direction  =  135°  assumed.  The  first-order  Bragg  lines  have  been 
suppressed  for  olarity.  Radar  frequency  =  10  MHz. 
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Increased  wave  height  appears  as  an  increase  in  the  level  of  cr^Ct)), 
whereas  the  addition  of  lower  frequency  waves  to  the  wave-height  spec¬ 
trum  causes  the  near-Bragg-line  cutoffs  to  move  clorer  to  the  Bragg  line. 
The  dependency  of  0^(1])  on  wind  speed  suggests  that  such  speed  might 
also  be  determined  from  radar  measurements.  This  possibility  is  also 
discussed  in  the  next  section. 

Second-order  ele  tromagnetic  and  hydrodynamic  effects  have 
been  included  in  the  calculations  of  (^(q),  and  Pig.  59  shows  the 
contribution  of  each  to  the  total  incremental  radar  cross  section.  The 

hydrodynamic  term  dominates ,  whereas  the  electromagnetic  term  r, 

H  3/4  *■* 

influences  cr  r (tj)  at  tj  =  2  u  and  in  the  region  near  zero  doppler 
W  B 

shift.  The  singularity  in  r  at  T)  =  w  causes  the  rather  large  val- 

H  L> 

ues  in  a._r(Tl)  as  n  approaches  the  Bragg  line.  The  spike  at  r\=\/2  w 
W  B 

occurs  in  both  r„.t  and  r  contributions  and  is  a  result  of  the  Bragg 
condition  when  n  =  2  (Section  C.4.b  provided  further  details  concern¬ 
ing  this  spike).  The  barely  discernible  discontinuity  appearing  at  tj  = 
3/4 

-2  w  is  a  consequence  of  numerically  evaluating  (4.21)  for  wave- 
B 

height  spectra  with  zero  amplitude  for  waves  traveling  directly  against 
the  wind.  This  discontinuity  vanishes  for  finite  wave  amplitudes  (Fig. 
55,  e  s*  0.05)  . 

In  Section  C.l,  alternate  methods  were  suggested  for  combining 

and  r  in  expression  (4.21).  There  was  also  some  controversy  con- 
EM  H 

cerning  the  relative  weighting  of  the  two  terms.  Calculations  presented 
here  have  been  based  on  the  form 


An  alternate  form  [Barrick,  1971]  suggests  that  fields  scattered  by  sec¬ 
ond-order  ocean  waves  are  correlated  with  second-order  fields  scattered 
by  first-order  ocean  waves  and  is  given  by 
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Fig.  59.  ELECTROMAGNETIC  AND  HYDRODYNAMIC  CONTRIBUTIONS  TO  RADAR 
CROSS  SECTION.  Equation  (4.21)  has  been  evaluated  for  integrand 
kernels  of  2]^  +  ST1^ ,  2r|M>  and  8Ig.  A  Pierson-Moskowitz 

cosine-squared  wave-height  spectrum  with  wind  speed  =  15  knots 
and  direction  *  135°  assumed.  Radar  frequency  =  10  MHz. 
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A  third  form  results  tfien  the  weighting  of  the  first  form  is  combined 
with  the  coherent  addition  of  the  second, 
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Values  of  0yy(T})  based  on  each  form  are  presented  in  Fig.  60.  The  dif¬ 
ference  between  coherent  and  incoherent  addition  is  significant  only  for 
3/4 

T)  >  2  u  (the  sum-mode  evanescent  region)  because,  for  freely  propa- 
gating  intermediate  radio  waves ,  r_.  is  real  if  the  surface  impedance 

EM 

is  neglected  and  the  first  and  third  forms  are  the  same.  Differences  in 
the  relative  weighting  of  rm.  and  r_  appear  as  differences  in  the 
magnitude  of  ct^( t))  .  Overa'l  agreement  among  the  three  forms  will  make 
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Fig.  60.  RADAR  CROSS  SECTION  FOR  THREE  METHODS  FOR  COMBINING 
ELECTROMAGNETIC  AND  HYDRODYNAMIC  EFFECTS .  A  Pierson-Moskow- 
itz  cosine-squared  wave-height  spectrum  with  wind  speed  =  30 
knots  and  direction  =135°  assumed. 


176 


WIND  SPEED,  u  (knots) 


difficult  a  selection  based  on  comparisons  of  theoretical  to  measured 
values  of  0^(1}) . 

Normalization  of  cr  (tj)  and  T)  by  the  Bragg  frequency  w 
allows  a  family  of  <Jyy(i))  curves  to  be  represented  by  a  single  plot. 
It  is  not  difficult  to  show  that  values  of  are  constant 

for  all  wind  speeds  u  and  radar  frequencies  f,  such  that  fu2  is 

2  2  2 
constant  (fu  for  the  Munk  spectrum) .  The  contours  of  fu  and  fu 

(Fig.  61)  can  be  used  to  relate  the  curves  of  a^.(Tj)  presented  here 

and  in  Appendix  C  to  various  conditions  of  wind  speed  and  radar  frequency. 

3*  Estimators  for  Wind  Speed  and  Direction 

Plots  of  ofyy(T))  in  the  above  section  varied  with  wind  speed 
and  direction,  suggesting  that  wind  conditions  might  be  obtained  from 


a.  Phillips  and  Pierson-Moskow-  b.  Munk  spectrum 

itz  spectra 

Fig.  61.  PARAMETERIZATION  OF  RADAR  CROSS  SECTION.  A  single  plot  of 
normalized  radar  cross  section  a(t])  •  vs  normalized  doppler  shift 
T)/u)g  describes  all  cross  sections,  such  that  fu2  (fu2  for  the  Munk 
spectrum)  is  a  constant.  Cross  sections  described  by  contours  below 
the  cutoffs  contain  no  first-order  Bragg  lines.  For  the  Munk  spectrum, 
wind  speed  u  is  assumed  at  a  height  of  6.4  m. 
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radar  measurements.  In  this  section,  various  parameters  derived  from 
Oyy(.i\)  are  examined  to  determine  which ,  if  any,  are  suitable  for  pre¬ 
dicting  these  conditions. 

As  a  starting  point,  consider  the  ratio  of  positive-to-nega- 

tive  Bragg-line  power  as  a  function  of  wind  direction  (Fig.  62).  This 

f 

ratio  is  independent  of  wind  speed  for  the  Pierson-Moskowitz  amplitude 

2 

spectrum  with  a  cos  (0/2)  directional  dependence.  For  the  Munk  spec¬ 
trum,  however,  it  is  a  function  of  both  wind  direction  and  speed  because , 
although  the  first-order  Bragg-scattering  waves  are  saturated ,  the  spread 
factor  s,  which  determines  the  directional  dependence  of  this  spectrum, 
is  a  function  of  wind  speed  [Eq.  (3.50)]. 

Estimation  of  wind  direction  for  the  spectrum  in  Fig.  62a  is 
straightforward  because  each  Bragg-line  ratio  corresponds  to  a  unique 


WIND  DIRECTION  (deg)  WIND  DIRECTION  (deg) 

a.  Pierson-Moskowitz  spectrum —  b.  Munk  spectrum 

cos2  (0/2)  directional  de¬ 
pendence 

Fig.  62.  BRAGG-LINE  RATIO  VS  WIND  SPEED  AND  DIRECTION. 


Waves  responsible  for  first-order  Bragg  scatter  are  saturated  for  wind 
speeds  greater  than  ==9.5  knots  when  the  radar  frequency  is  10  MHz.  Only 
wind  speeds  of  10  knots  or  greater  are  considered  here. 
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direction however,  if  the  Munk  spectrum  provides  a  better  model  for 
ocean-wave  height ,  wind  speed  must  be  known  so  as  to  obtain  wind  direc¬ 
tion  from  the  Bragg-line  ratios.  A  plot  of  these  ratios  for  the  Phil¬ 
lips  semi-isotropic  spectrum  has  been  omitted  because  both  positive  and 
negative  Bragg  lines  do  not  exist  simultaneously  and  the  amplitude  of 
the  existing  line  is  independent  of  wind  direction  and  speed. 

A  possible  parameter  for  estimating  wind  direction  from  sec¬ 
ond-order  incremental  radar  cross  sections  is  illustrated  in  Fig.  63, 
where  the  ratio  of  power  with  positive  doppler  shift  to  that  with  nega¬ 
tive  shift 


f0  y’ti)  <1 
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is  plotted  as  a  function  of  wind  direction.  For  both  spectra,  this  ra¬ 
tio  is  a  function  of  wind  speed  and  direction;  therefore,  an  estimate  of 
wind  direction  requires  knowledge  of  wind  speed.  This  ratio  is  finite, 
however,  for  all  wind  directions  including  up-  and  downwind — an  advan¬ 
tage  over  the  Bragg-line  ratio  when  only  a  single  radar -pointing  direc¬ 
tion  is  available.  In  addition,  Bragg-line  power  is  scattered  by  ocean 
waves  of  a  single  frequency  that  may  not  be  indicative  of  tae  overall 
wind -generated  surface  spectrum  at  any  given  time;  conversely,  second- 
order  power  is  derived  from  the  entire  surface-height  spectrum  and  is 
less  susceptible  to  single-frequency  anomalies. 

Comparison  of  the  plots  in  Fig.  63  indicates  that  the  second- 

order  power  ratio  increases  with  wind  speed  near  upwind  conditions  for 

2 

the  Pierson-Moskowitz  cos  (0/2)  spectrum  but  decreases  for  the  Mink 
spectrum  (the  same  is  true  of  the  power-ratio  magnitude  for  downwind 
conditions).  Such  dependence  of  received  power  on  a  spectral  model  il¬ 
lustrates  the  requirement  for  an  accurate  description  of  directional 


*A  mirror-image  ambiguity  exists  about  the  radar  line  and  can  be  r . solved 
by  using  more  than  one  radar-pointing  direction. 
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WIND  DIRECTION  (d«g) 


a .  Pierson -Moskowitz  spectrum — 
cos2  (8/2)  directional  depen¬ 
dence 


WIND  DIRECTION  (d«g) 


b.  Munk  spectrum 


Fig.  63.  POS IT IVE -TO -NEGAT IVS  DOP¬ 
PLER-SHIFTED  POWER  RATIO  VS  WIND 
SPEED  AND  DIRECTION. 
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wave-height  spectra  before  wind  direction  can  be  estimated  from  second- 
order  power  ratios ;  it  also  provides  a  means  for  selecting  or  eliminat¬ 
ing  proposed  models  and  indicates  which  measurements  are  significant  for 
this  purpose. 

A  possible  method  for  wind-speed  estimation  considers  total 
second-order  power  compared  to  total  Bragg-line  power, 


(n>  drj 


-U 


(ti)  dT| 


(4.37) 


Ratios  are  used  because  absolute  power  measurements  are  difficult  to  ob¬ 
tain.  Total  Bragg-line  power  is  nearly  invariant  with  changes  of  wind 
speed  and  direction  (see  Appendix  B)  as  long  as  ocean  waves  of  frequency 
w  remain  saturated  and,  therefore,  provides  a  convenient  reference  for 
second-order  power.  Figure  64  presents  (4.37)  as  a  function  of  wind  speed 

and  direction  for  the  Phillips  semi-isotropic,  Munk,  and  Piers on-Mo show- 
2 

itz  cos  (0/2)  spectra. 

Second-order  power  exhibits  some  wind -direct ion  dependence  for 
each  spectrum;  however,  variations  with  wind  speed  are  large  enough  to 
be  able  to  estimate  wind  speed,  in  most  cases,  without  knowledge  of  di¬ 
rection.  If  an  omnidirectional  radar  antpnna  is  employed,  received  power 
is  independent  of  wind  direction  and  wind  speed  can  be  estimated  from  the 
average  values  shown. 

The  above  ratios  are  only  examples  based  on  model  wave-height 
spectra .  The  performance  of  these  methods  depends  on  how  well  the  models 
describe  actual  first-order  ocean  surfaces .  The  examples  can  be  extended 
to  radar  frequencies  other  than  10  MHz  with  the  aid  of  the  graphs  in  Fig. 
61. 


4 .  Effects  of  Swell 

Rather  sharp  spikes  occur  at  discrete  doppler  frequencies  in 
plots  of  avv(T))  vs  q  when  Eq.  (4.21)  is  evaluated,  with  the  model  of 
ocean-wav »  swell  (Chapter  ill.D)  included.  Figure  65  is  an  example  in 

181 


'■  "“r' 


'^■VT'^fa'  i-t>s •♦tbw— 


€ 


C 


€ 


« 


(9P)  01  ivy  d3M0d 

yaado-isau  ai-aNooas 


tQP)  OllVd  d3M0d 
aaayo-isaid  oi-qnoo3s 


(9  n)  01  IVy  d3M0d 

aaaao-isaid  oi-aNooas 


6 

2 

+> 

u 

a> 

a 

m 

X 

a 

I 


N 

CD 


N 


CO 

O 

O 


N 

■P 


I 

f 

C 

o 

to 

El 

® 


■P 

U 

a 

M 


o. 

o 

+> 

o 

m 

1 

■H 

S 

® 

n 

2  S 

■SB 

iH  +> 

H  O 

s  a 

K  M 


•o 

® 


B 


CO  H 

§  I 
5  8 

II 
>  © 
fn 

O  *H 

M 

Eh  U 
<  © 
«  -O 

«  <3 


a 


M  +> 

>-5  O 
I  « 
O  Ei 
O  -h 

S'* 

m  -g 
_  c 


« 

w 


§ 


Jh 

A  ® 

S! 

w  © 

w  S’ 

Ei 
© 
> 
© 

•P 
C 
© 
© 

1 

2 

© 
© 
fS 


fcl 

o 

1 

a 

s 


s 

bo  i 
£ 


182 


-2-1012 
NORMALIZED  DOPPLER  SHIFT  17/0^ 

Fig.  65.  RADAR  CROSS  SECTION  WITH  SWELL.  The  four  sharp  spikes 
are  the  result  of  swell  at  a  frequency  Wg  and  a  direction  of 
45°  (Fig.  53)  interacting  with  local  seas  represented  by  a 
Pierson-Moskowitz  cosine-squared  wave-height  spectrum.  Wind  = 
30  knots  at  135°. 


2 

which  the  Pierson-Moskowitz  cos  (0/2)  model  represents  the  local  wind¬ 
generated  portion  of  the  first-order  spectrum.  Generally,  four  swell-in¬ 
duced  spikes  exist  at  doppler  frequencies  that  are  related  to  the  direction 
of  arrival  and  frequency  of  the  swell;  however,  under  special  conditions, 
a  fifth  spike  may  occur  at  tj  =  \[2  u  .  Power  contained  in  these  spikes 

O 

is  a  function  of  swell  wave  height  as  well  as  speed  and  direction  of  the 
local  winds . 
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The  relationship  between  swell  and  the  resultant  spikes  in 
(TyyXr))  can  be  determined  by  considering  the  spectral  term  W(klx,kly)X 
W(k2x,k2y)  in  (4.21)  with  swell  included, 

w(klx*kly)  W(k2x'V  =  [Ww(p  "  P’q)  +Ws(p  '  ^-q)] 

*  [ww(-p  -  p,-q)  +  Wg(-p  -  p,-q)J  (4.38) 


where  the  subscripts  w  and  s  refer  to  the  local  wind -generated  wave- 
height  directional  spectrum  and  the  swell  spectrum,  respectively.  The 
term  W^(p  -  f3,q)  W^(-p  -  (3,-q)  represents  previously  considered  ocean 
surfaces  in  the  absence  of  swell,  whereas  terms  involving  the  swell  spec¬ 
trum  represent  new  contributions  to  ct^^t))  and  are  the  origin  of  the 
spikes  in  Fig.  65. 

When  arguments  -k^  and  -k^  are  allowed  in  the  spectra  of 
(4.38),  the  following  four  possible  combinations  of  swell  and  wind-gen¬ 
erated  spectra  interactions  exist :* 


Ww(-P  "  P,-q) 
Ww(-P  -  P,-q) 
Ww(p  +  P,q) 
Ww(p  +  3,q) 


•  Wg(p  -  (3,q) 

•  W  (-p  +  p,-q) 

•  wg(p  -  P,q) 

.  Wg(-p  +  P,-q) 


(4.39) 


From  Section  C.5,  these  combinations  represent  doppler  shifts, 


T]  =  u  +  u)  positive  sum  mode 

w  s 

(4.40) 

ti  ss  u  -  co  difference  mode 

1  w  s 


*An  interchange  of  subscripts  provides  four  additional  combinations,  but 
these  create  no  new  doppler  frequencies . 
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difference  mode 


(4.40) 

Cont. 


T)  a  —  0)  +  W 

1  W  S 

Tj  ss  -to  -  to  negative  sum  mode 
w  s 


The  first  term  in  (4.39)  specifies  that  swell  propagation  components  k 

S  X! 

and  k  (Fig.  66)  must  be  related  to  the  intermediate  scattered  radio- 
sy 

wave  propagation  components  p  and  q .  by 


therefore , 


k 


sx 


P  -  0 


=  q 


k 


wx 


-k 


sx 


2f3 


Similar  expressions  relating  the  components  of  k  to  those  of  k  ex- 

w  s 

ist  for  the  remaining  terms  in  (4.39).  The  doppler  shifts  in  (4.40)  now 
become 


’>=J'K**2fS)2  +kSy]  +  nJ*Es 

l~r  a  2  11/2 

11  =  /  L(ks*  ■  2p)  +  ksyJ  ■  sS 

(4.41) 

i  ‘  .M<k«  +  2p)2  +  “yyl  '  +  ^ 

--^K-V  -2y]l/2-^ 

which  indicate  that  wind-driven  waves  at  two  frequencies  interact  with 
swell  waves  to  produce  the  spikes  in  (^(t)) .  These  four  doppler 
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SWELL 


LOCAL  WIND¬ 
GENERATED 
SEA 


Pig.  66.  RELATIONSHIPS  BETWEEN  RADIO-WAVE,  LOCAL-SEA,  AND 
SWELL  PROPAGATION  CONSTANTS. 


frequencies  are  a  function  of  the  swell  frequency  =  JgkT  and  the 

swell  angle  of  arrival  9  -  tan  1  (k  /k  ) .  They  also  occur  in  pairs , 

s  sy  sx 

symmetric  about  -.he  frequencies  ±Jgkg ,  thereby  indicating  a  possible 
method  for  determining  swell  conditions  from  radar  measurements .  In  the 
example  in  Pig.  65,  the  doppler  frequencies  are  T)  =  2.359  w  ,  -0.125  w  , 
-0.359  o)  ,  and  -1.875  w  and  are  symmetric  about  w  (the  swell  fre- 
quency  in  this  example) . 

n.1 1  fouv  swell-induced  spikes  are  not  always  present  or  observ¬ 
able  in  plots  of  .  If  swell  frequency  and  angle  of  arrival  are 

such  that  the  corresponding  wind-driven  waves  do  not  exist  because  of 
wind-speed  limitations,  the  spikes  are  absent  in  pairs.  Swell  conditions 
may  also  require  corresponding  wind -generated  waves  to  propagate  against 
the  wind  where  the  spectra  models  considered  thus  far  have  zero  or  near¬ 
zero  amplitude.  In  this  event,  only  one  spike  of  a  symmetric  pair  is 
affected  because  the  other  results  from  waves  propagating  with  the  wind . 
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A  possible  fifth  spike  may  occur  at  T)  =  ^  oj  but  only  under 

restricted  conditions.  Swell  wave-wave  interaction  represented  by 

W  (p  -  0,q)  W  (-p  -  p,-q)  in  (4.38)  is  responsible  for  this  spike.  To 
s  s 

satisfy  simultaneously  the  conditions 


k  =  p  -  3 
sx 


k  =  -p  -  3 
sx 


requires  that  p  =  0  and  k  =  -8;  similarly,  k  must  be  zero. 

sx  sy 

Other  conditions  obtained  by  replacing  the  subscript  w  with  s  in 
(4.39)  require  that  3=0  for  the  difference  modes  and  k  =3  and 

SX 

kgy  =  0  for  the  negative  sum  mode;  therefore,  the  fifth  spike  occurs 

only  when  swell  propagates  directly  toward  or  away  from  the  radar,  with 

propagation  constant  3  (u  =  w  ) .  Because  swell  is  generally  asso- 

S  B 

elated  with  ocean  wavelengths  greater  than  100  m,  radar  frequencies  be¬ 
low  3  MHz  are  required  before  this  fifth  spike  can  be  expected. 


E.  Summary 

As  a  result  of  calculating  from  the  rough-surface  model 

proposed  by  Rice,  radio-wave  scattering  from  the  sea  has  been  interpreted 
as  a  multiple  Bragg  process  in  which  pairs  of  ocean-wave  trains  are  re¬ 
sponsible  for  the  scattered  electromagnetic  fields.  Such  an  interpreta¬ 
tion  led  to  the  concept  of  an  intermediate  scattered  radio  wave  that 
could  be  either  freely  propagating  or  evanescent  and  whose  Cartesian 
components  of  propagation  constant  were  the  variables  of  integration  in 
Eq.  (4.17)  for  a^y.(Tj).  Subsequent  transformation  of  these  variables 
reduced  this  expression  to  a  single  integral  for  which  contours  of  inte¬ 
gration  could  be  identified  and  related  to  particular  features  in  curves 
of  OyyCTi)  vs  T]  through  the  Bragg-scattering  concept.  Numerical  eval¬ 
uation  of  (4.17)  provided  a  doppler  continuum  that  is  characteristic  of 
those  found  in  observed  sea  echo  and  also  revealed  the  dominance  of  the 
second-order  hydrodynamic  effects  in  the  scattering  process.  First-order 
Bragg-line  ratios  appeared  to  be  the  best  estimators  for  wind  or  wave 
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direction,  whereas  total  second-order  power  is  the  best  indicator  of 
wave  height  and,  hence,  wind  speed;  however,  such  estimators  proved  to 
be  dependent  on  the  directional  wave-height  spectral  model  employed. 
How  well  the  second-order  theory  represents  actual  scattering  from  the 
sea  is  the  subject  of  Chapter  V. 


Chapter  V 


COMPARISONS  OP  THEORETICAL  TO  EXPERIMENTAL  DATA 

Arguments  based  cn  the  presence  of  the  unsymmetncal  sidebands  and 
the  and  2^*  u>B  spikes  in  both  measured  and  calculated  doppler 

or  sea-echo  spectra  have  been  offered  in  support  of  the  second-order 
Bragg  theory  for  radio-wave  scattering  from  the  sea  [Tyler  et  al,  1972; 
Barrick,  1972;  Barrick  et  al,  1974;  Johnstone  and  Tyler,  1974];  however, 
such  qualitative  comparisons  have  neither  considered  the  detailed  struc¬ 
ture  of  the  doppler  continuum  nor  have  they  been  exact  with  regard  to  the 
correlation  of  radar  observations  with  oceanographic  and  meteorological 
data.  In  this  chapter,  calculated  doppler  spectra  that  conform  to  ob¬ 
served  wind  conditions  and  that  account  for  the  finite  beamwidth  of  the 
receive  antenna  are  compared  to  grazing-incidence  backscatter  measure¬ 
ments  of  echo  spectra  that  have  been  corroborated  by  in-situ  tilt-buoy 
observations  of  wave  height  and  direction.  In  particular,  these  spectiv 
are  examined  for  agreement  in  cutoff  frequencies ,  shape ,  power  content , 
and  occurrence  of  swell. 


A.  The  Experiment 

A  series  of  radar  measurements  taken  at  Wake  Island  on  12-19  Novem¬ 
ber  1972  [Teague  et  al,  1973;  Tyler  et  al,  1974]  provides  the  observa¬ 
tional  data  for  the  following  comparisons .  Using  the  LORAN-A  navigation 
facilities  on  the  island  (Fig.  67)  as  a  transmitting  source  (1.95  MHz) 
and  a  van-mounted  receiver  to  form  a  synthetic  aperture,  Teague  et  al 
(1973)  made  extensive  radar  measurements  of  sea  echo  primarily  to  test 
the  feasibility  of  deriving  ocean-wave  directional  spectra  from  first- 
order  Bragg-line  measurements.  Although  doppler  shifts  induced  by  the 
moving  receiver  obscured  higher  order  radar  returns  during  the  synthetic- 
aperture  measurements,  daily  stationary  observations  for  radar  calibra¬ 
tion  did  provide  some  good  examples  of  second -o:xler  scattering.  Not  all 
of  these  observations  produced  useful  data,  however,  because  an  attenua¬ 
tor  placed  between  the  antenna  and  the  receiver  to  prevent  clipping  of 
the  higher  level  first-order  Bragg  power  scattered  within  approximately 
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20  km  of  the  island  reduced  most  second-order  returns  to  the  radar-sys¬ 
tem  noise  level .  On  17 ,  18 ,  and  19  November ,  the  attenuator  was  removed; 
however,  data  recorded  on  the  17th  and  18th  exhibited  the  best  second- 
order  returns  because  of  the  higher  winds  on  these  days  (Table  2) . 

Radar  echoes  were  sampled  at  25  (js  intervals,  thereby  grouping  data 
in  range  increments  (or  bins)  of  3.75  km  each.  Direct  pulses  from  the 
DORAN-A  facility  fall  in  range  bin  4,  and  subsequent  range  increments 
determine  the  distances  from  the  island  to  the  scattering  areas.  Because 
switching  transients  associated  with  the  automatic  blanking  of  the  direct 
pulses  appear  in  the  data  from  the  first  several  bins  (Fig.  68a)  and 


Table  2 


WIND  SPEED  AND  DIRECTION  DURING  THE  WAKE- 
ISLAND  EXPERIMENT.  The  values  represent 
averages  over  the  preceding  24  hours . 
Winds  are  from  the  directions  stated. 


Date 

(Nov) 

Speed 

Direction 
(degrees  true) 

m/s 

knots 

12 

5.0 

9.7 

55 

13 

7.8 

15.2 

61 

14 

9.8 

19.1 

59 

15 

8.2 

15.9 

66 

16 

13.0 

25.3 

60 

17 

13.0 

25.3 

62 

18 

12.2 

23.7 

77 

19 

9.1 

17.7 

99 

+ 

because  ionospheric  reflections  (E-layer)  contaminate  the  echoes  near 
zero  doppler  shift  in  range  bins  26  through  30  (Fig.  68c),  only  data  in 
bins  15  through  25  will  be  considered  here  (Fig.  68b).  These  curves 
represent  averages  over  the  indicated  range  increments;  however,  before 
averaging,  corrections  were  made  for  the  differences  in  the  distances 
between  the  receiver  and  the  scattering  areas  by  multiplying  data  in 
each  range  bin  by  the  cube  of  the  distance  from  the  receiver  to  the 
corresponding  area.  This  distance  correction  results  from  the  assump¬ 
tion  of  free-space  attenuation  between  the  radar  and  a  distributed 
scatterer  [Skolnik,  1952,  p.  529]. 

The  DORAN -A  antenna  provided  nominally  omnidirectional  azimuth  cov¬ 
erage,  whereas  the  receive  antenna  had  an  almost  perfect  cardioid  (volt¬ 
age  response)  radiation  pattern  in  this  same  plane.  The  stationary 


*This  increase  in  near-zero  doppler-sh i f  1;ed  power  has  been  identified  as 
E-layer  scattering  by  C.  Teague.  Range  bin  28,  corresponding  to  a  dis¬ 
tance  of  90  km  from  the  radar,  contained  most  of  the  contaminated  data. 
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DIRECT 
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SWITCHING 

ARTIFACT 


a.  Range  bins  1-10 


c .  Range  bins  26-30 


Fig.  68.  MEASURED  DOPPLER  SPECTRUM  AS  A  FUNCTION  OF  DISTANCE 
BETWEEN  RADAR  AND  SCATTERING  AREA.  Echo  power  is  the  aver¬ 
age  over  range  bins  indicated.  Direct  signal  at  1.95  MHz 
occurs  in  range  bin  4.  Receive  antenna  direction  is  98° 
true;  wind  speed  and  direction  are  25.3  knots  and  62°  true. 


observations  were  coziducted  with  the  peak  of  the  receive-antenna  beam 
oriented  toward  98°  true  and  repeated  with  the  peak  at  278°  true  (Fig. 
67). 

B .  Comparison  to  Theory 

Direct  comparisons  of  power  spectra  derived  from  the  expressions 
for  incremental  radar  cross  section  per  unit  frequency  to  the  Wake-Is¬ 
land  data  are  inappropriate  because  of  the  broad  coverage  of  the  receive 
antenna.  A  composite  of  predicted  spectra  is  formed,  instead,  by  calcu¬ 
lating  unidirectional  spectra  at  10°  increments  of  the  wind  direction 
with  respect  to  the  radar  backs catter  direction,  and  then  summing  the 
results  after  each  has  been  weighted  by  the  desired  antenna  response 
for  its  particular  wind -direct ion  backscatter  angle  (Fig.  69).  Such 
composites,  formed  with  an  assumed  cardioid  antenna  pattern,  are  to  be 
compared  to  the  measured  spectra. 

The  first  comparison  is  presented  in  Fig.  70  in  which  a  Phillips 
semi-isotropic  wave-height  spectrum  at  a  wind  speed  of  25  knots  has  been 
assumed.  The  measured  spectrum  was  recorded  on  17  November  when  the 
average  wind  speed  and  direction  were  25.3  knots  and  62°  true  (Table  2). 
Because  absolute  powers  were  not  measured,  the  level  of  the  calculated 
spectrum  was  adjusted  to  obtain  a  least-squares  fit  to  the  observed 
spectrum.  This  fit  was  applied  to  the  logarithmic  curves  so  as  to  pro¬ 
vide  comparisons  at  low-  and  high-power  levels.  The  first-order  Bragg 
lines  and  the  calculated  values  that  fell  below  0  dB  were  not  included 
in  this  adjustment. 

The  agreement  in  this  comparison  is  not  satisfying.  The  predicted 

cutoff  frequencies,  where  the  spectrum  drops  below  0  dB  near  the  Bragg 

lines ,  are  too  far  removed  from  these  lines ,  and  the  spikes  normally 

3/4 

observed  at  ±V2  and  ±2  for  higher  wind  speeds  are  absent. 

The  only  point  of  agreement  appears  to  be  the  slight  increase  of  power 
near  zero  doppler  shift.  Comparisons  based  on  the  Munk  spectrum  (Fig. 
71)  are  only  slightly  better ;  the  ±23^4  w  spikes  are  present ,  but  the 
cutoff  frequencies  have  not  changed  noticeably  and  the  spikes  at  ±^J2  u> 

D 

are  still  missing.  The  ratio  of  sum-  to  difference -mode  power  appears 
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Pig.  69.  FORMATION  OP  A  COMPOSITE  SPECTRUM.  To  account 
for  a  finite  antenna  beamwldth,  power  backscattered 
from  different  directions  with  respect  to  the  wind  is 
weighted  by  the  strength  of  the  antenna  response 

in  the  direction  of  the  corresponding  scattering  area 
and  then  summed. 
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Fig.  70.  MEASURED  VS  PREDICTED  DOPPLER  SPECTRA  FOR  PHILLIPS 
SEMI-ISOTROPIC  WAVE-HEIGHT  SPECTRUM.  Height  of  the  first- 
order  Bragg  lines  represents  power  rather  than  power  den¬ 
sity;  power-level  reference  is  arbitrary. 
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Fig.  71.  MEASURED  VS  PREDICTED  DOPPLER  SPECTRA  FOR  MUNK  WAVE- 
HEIGHT  SPECTRUM.  Power-level  reference  is  arbitrary. 


to  be  too  low  compared  to  that  for  the  observations ,  and  the  near-zero 
doppler-shift  peaking  decreased  from  that  predicted  by  the  semi-iso¬ 
tropic  spectrum. 

The  positions  of  the  cutoff  frequencies  indicate  that  neither  of 
these  wave-height  models  has  a  sufficiently  low  frequency  content;  how¬ 
ever,  this  is  to  be  expected  because  they  do  not  allow  for  the  resonant 
ocean  waves  that  travel  faster  than  the  wind.  Conversely,  nondirec- 
tion&l  wave-height  spectra  measured  by  a  wave-tilt  buoy  during  13,  15 
November  contain  considerably  lower  frequencies  than  would  be  expected 
from  wind-speed  cons iderat ions  (Fig.  72).  To  extrapolate  a  realistic 
wave-height  spectrum  for  17  November,  the  measured  spectra  were  approx¬ 
imated  by  an  analytical  curve  whose  expression  is  similar  to  that  for 
the  Pierson-Moskowitz  spectrum  except  that  the  frequency  ratio  in  the 
exponent  has  been  raised  to  the  second ,  rather  than  to  the  fourth ,  power 
(Table  1) .  Figure  72  illustrates  this  curve  for  the  wind  conditions  on 

15  November.  A  comparison  of  predicted  and  measured  scattered  power 

2 

based  on  this  new  wave-height  spectrum  with  an  assumed  cos  (0/2)  di¬ 
rectional  dependence  is  plotted  in  Fig.  73  in  which  agreement  between 
prediction  and  observation  is  seen  to  have  improved  slightly  over  that 
based  on  the  other  models.  This  new  wave-height  spectrum  appears  to 
have  too  nrtch  low-frequency  content,  however,  and,  to  resolve  this  dis¬ 
parity,  it  has  been  postulated  that  changes  in  wind  speed  between  15 
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Fig.  72.  MEASURED  NONDIRECTIONAL  WAVE-HEIGHT 
SPECTRUM. 


and  17  November  were  sufficiently  rapid  to  prevent  the  resonant  (but  not 
necessarily  the  direct  wind-driven)  waves  from  reaching  equilibrium.  If 
this  is  the  case,  the  low-frequency  cutoff  for  the  wave-height  spectrum 
of  17  November  would  be  approximately  the  same  as  that  for  the  spectrum 
measured  on  15  November;  therefore,  the  spectrum  of  the  17th  would  have 
a  sharper  low-frequency  cutoff  than  that  predicted  by  the  modified  Pier- 
son-Moskowitz  approximation. 

A  model  that  exhibits  this  sharper  cutoff  and  best  fits  the  measured 

data  is  the  original  Pierson-Moskowitz  spectrum  which  provides  the  com- 

2 

parison  illustrated  in  Fig.  74  when  a  cos  (0/2)  directional  dependence 
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DOPPLER  FREQUENCY  (fg=O.I4  Hz  ) 

Fig.  73.  MEASURED  VS  PREDICTED  DOPPLER  SPECTRA  FOR  MODIFIED 
PIERSON -MOSKOWITZ  WAVE-HEIGHT  SPECTRUM.  A  cosine -squared 
directional  distribution  has  been  assumed.  Power-level 
reference  is  arbitrary. 


Fig.  74.  MEASURED  VS  PREDICTED  DOPPLER  SPECTRA  FOR  PIERSON- 
MOSKOWITZ  COSINE-SQUARED  WAVE-HEIGHT  SPECTRUM.  Power-level 
reference  is  arbitrary. 


is  applied.  Agreement  in  the  sum-mode  sidebands  is  particularly  good; 
however,  the  difference -mode  calculations  still  contain  the  near-Bragg- 
line  shoulders  observed  previously.  Substitution  of  the  kernel  employed 
by  Barrick  (1971)  into  the  radar  cross-section  integral  (4.21)  results 
in  a  slight  reduction  of  these  shoulders  but  at  the  expense  of  the  sum¬ 
mode  agreement  (Fig.  75).  Further  comparisons  between  predicted  and 
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Fig.  75.  AN  ALTERNATE  FORM  FOR  PREDICTED  DOPPLER  SPECTRA. 
Integrand  is  4  |lgjj  -  iTg  |2  for  the  cross-section  integral 
producing  this  plot.  A  Pierson-Moskowitz  cosine-squared 
wave-height  spectrum  has  been  assigned .  Power-level  refer¬ 
ence  is  arbitrary. 
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observed  power  spectra  will  be  required  before  the  differences  between 
the  methods  for  combining  the  electromagnetic  and  hydrodynamic  terms  in 
Eq.  (4.21)  can  be  resolved. 

As  more  accurate  directional  wave-height  spectral  models  become 
available,  the  agreement  between  measured  and  predicted  radar  echoes 
will  probably  improve;  however,  the  original  goals  were  to  explain  the 
continuum  observed  in  these  echoes  and  to  provide  a  theory  that  would 
develop  better  directional  models.  Figures  74  and  75  illustrate  that 
the  second-order  multiple  Bragg -scattering  theory  explains  the  doppler 
continuum  and  could  provide  the  means  to  better  models  for  wave-height 
spectra . 

To  check  the  quality  of  the  wind-speed  estimator  introduced  in 
Chapter  IV.D.3,  the  ratios  of  second-order  power  to  first-order  Bragg- 
line  power  were  calculated  for  both  the  predicted  and  observed  radar 
returns ,  and  these  are  tabulated  for  various  wave-height  spectra  in 
Table  3 ;  also  included  are  the  estimated  wind  speeds  obtained  by  de¬ 
termining  the  equivalent  wind  speeds  at  a  radar  frequency  of  10  MHz 
from  the  average  ratios  in  Fig.  64  and  then  extrapolating  these  values 

to  1.95  MHz  by  means  of  the  contours  in  Fig.  61.  Again,  the  Pierson- 

2 

Moskowitz  cos  (H/2)  spectrum  provides  the  best  agreement  with  the 
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Table  3 

WIND-SPEED  ESTIMATION 


Wave-Height  Spectrum 

Second-  to  First- 
Order  Power 

Estimated 
Wind  Speed 

Phillips  Semi-Isotropic 

-17.6 

24.5  ±  0.5 

Munk* 

-15.9 

— 

2 

Pierson-Moskowitz  cos  (0/2) 

-15.0 

25.5  ±  0.5 

2 

Pierson-Moskowitz  cos  (0/2) 
(Barrick*s  kernel) 

-16.3 

23.8  ±  0.5* 

♦ 

Approximation  to  Measured 

-11.6 

— 

** 

Wake-Island  Measurements 

-14.4 

25.3 

*  First-order  Bragg  lines  are  below  cutoff  at  10  MHz  (Fig.  61b). 

*This  value  is  derived  from  the  ratios  in  Fig.  61b. 

* 

Power  ratios  as  a  function  of  wind  speed  were  not  calculated. 

** 

These  values  obtained  from  data  recorded  on  17  November  with  the 
antenna  peak  at  278°  true. 

measured  values  although  all  wind-speed  estimates  are  better  than  the 
spectra -shape  comparisons  would  appear  to  justify.  Further  comparisons 
to  observations  at  several  wind  speeds  or  radar  frequencies  will  be  re¬ 
quired  before  the  validity  of  this  power  ratio  as  a  wind-speed  estimator 
can  be  established.  Because  of  the  broad  receive -antenna  pattern,  wind 
directions  could  not  be  estimated. 

The  received -power  spectrum  measured  on  18  November  with  the  antenna 
at  98°  true  exhibited  some  peculiar  features  that  are  now  considered  to 
be  swell-induced.  The  nondirectional  wave-height  spectrum  measured  on 
15  November  (Fig.  72)  indicated  the  presence  of  swell  arriving  from  340° 
true;  however,  when  the  frequency  and  direction  of  this  swell  were  ap¬ 
plied  to  the  model  presented  in  Chapter  II. D,  the  results  did  not  compare 
favorably  to  the  measured  data.  It  has  been  speculated  that  the  faster 
lower  frequency  waves  noted  on  the  15th  had  already  passed  through  the 
scattering  region  by  the  18th  and  that  a  higher  frequency  component  was 
responsible  for  the  observed  characteristics .  From  the  doppler  frequency 
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of  one  of  these  features ,  the  swell  frequency  was  estimated  to  be  closer 
to  0.12  than  to  the  0.07  Hz  value  measured  on  the  15th.  Figure  76  con¬ 
tains  plots  of  the  measured  data  and  a  composite  power  spectrum  based  on 

2 

a  Pierson-Moskowitz  cos  (0/2)  model  for  the  local  sea,  with  swell  at 
0.12  Hz  from  340°  true  superimposed.  This  comparison  cannot  be  consid¬ 
ered  a  confirmation  or  a  contradiction  of  the  proposed  model  because  the 
relative  amplitudes  of  the  swell  components  of  the  received -power  spec¬ 
trum  are  heavily  dependent  on  the  directional  form  of  the  local  wave- 
height  spectrum  and  because  the  actual  swell  conditions  on  the  18th  are 
unknown .  Figure  76  does  indicate,  however,  that  the  swell  model  predicts 
a  doppler-spectrum  continuum  as  well  as  individual  spikes,  both  of  which 
are  found  in  the  measured  data .  The  difference-mode  shoulders ,  the  near¬ 
zero  frequency  peaking,  and  even  the  outermost  somewhat  displaced  sum¬ 
mode  swell  components  tend  to  verify  that  swell  was  observed  on  the  18th 
and  that  the  model  was  able  to  predict  its  occurrence,  if  not  its  fre¬ 
quency  and  direction.  Particularly  noticeable,  in  view  of  the  compari¬ 
sons  in  Figs.  74  and  75,  is  the  near-zero  doppler-shift  peaking  caused 
by  swell.  The  question  as  to  whether  the  similar  peaking  that  appeared 
in  other  data  was  the  result  of  swell  has  yet  to  be  answered ;  however , 
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Fig.  76.  DOPPLER  SPECTRA  WITH  SWELL  INCLUDED.  A  Pierson- 
Moskowitz  cosine-squared  wave-height  spectrum  has  been 
assumed  for  the  local  wind -driven  sea  ;  swell  for  the  pre¬ 
dicted  spectrum  is  from  340°  true  at  a  frequency  of  0.12 
Hz .  Power-level  reference  is  arbitrary . 
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this  possibility  must  be  considered  if  radar  measurements  of  second- 
order  power  are  to  provide  accurate  first-order  directional  wave-height 
spectrum  information. 


Chapter  VI 

CONCLUSIONS  AND  RECOMMENDATIONS 


The  search  for  an  explanation  of  the  doppler-spectrum  continuum 
observed  in  radar  echoes  from  the  sea  led  to  an  integral  expression  for 
the  bistatic  incremental  radar  cross  section  per  unit  frequency  of  ocean 
surfaces  ;  electromagnetic  and  hydrodynamic  effects  were  included  to  sec¬ 
ond  order.  This  equation  was  interpreted  as  resulting  from  a  double 
Bragg-scattering  process,  thereby  providing  physical  insight  into  many 
of  the  prominent  features  observed  in  doppler  spectra.  When  reduced  to 
the  special  geometry  for  backscatter  grazing  incidence,  this  integral 
was  found  to  agree  with  previously  published  results ,  except  for  two 
minor  differences  that  had  a  negligible  effect  on  calculated  radar  cross 
sections  but,  nevertheless,  remain  unresolved.  To  invert  the  cross-sec¬ 
tion  equation  so  as  to  determine  first-order  wave-height  spectra,  the 
method  presented  for  reducing  this  expression  to  a  single  integral  with¬ 
out  the  need  to  solve  for  roots  in  an  auxiliary  transcendental  equation 
could  be  of  interest.  Besides  being  numerically  efficient,  this  approach 
provides  easily  determined  finite  limits  of  integration  at  all  doppler 
frequencies  except  zero.  Hie  effects  of  swell  were  included  in  some  of 
the  calculations  to  determine  if  the  doppler-spectrum  features  not  at¬ 
tributable  to  local  wind-driven  seas  and  second-order  theory  were  actu¬ 
ally  swell-induced . 

Comparisons  between  predicted  and  observed  doppler  spectra  revealed 
that  second-order  theory  accounted  for  most  of  the  continuum;  however, 
they  also  indicated  a  need  for  more  accurate  first-order  directional 
wave-height  spectral  models.  Calculations,  based  on  the  presence  of 
swell,  uncovered  characteristics  in  the  doppler  spectrum  that  had  not 
been  considered  swell-related.  For  example,  the  model  for  swell  pre¬ 
dicted  increased  received  power  levels  about  zero  doppler  shift — a  char¬ 
acteristic  observer  not  only  in  the  measured  data  that  were  expected  to 
contain  swell,  but  in  all  data  examined.  This  particular  feature  could 
explain  a  major  difference  between  predicted  and  observed  doppler  spec¬ 
tra  . 
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Because  the  second -order  expressions  for  radar  cross  section  are  a 
function  of  the  entire  first-order  wave-height  spectrum,  a  possible  ex¬ 
tension  of  this  work  would  be  to  consider  the  inversion  of  this  expres¬ 
sion  to  obtain  such  first-order  spectra  from  radar  measurements.  Al¬ 
though  a  model  for  swell  has  been  introduced ,  the  interaction  of  swell 
with  local  wave -height  spectra  and  the  effects  of  this  interaction  on 
scattered  power  have  not  been  thoroughly  examined.  Further  radar  mea¬ 
surements  at  several  frequencies  (or  under  varied  wind  conditions),  in 
conjunction  with  oceanographic  observations,  are  also  considered  neces¬ 
sary  to  test  completely  the  validity  of  the  theories  presented  and  to 
answer  some  of  the  questions . 
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Appendix  A 

INTEGRATION  NEAR  SINGULARITIES  IN  THE  JACOBIAN 

In  Chapter  IV. C,  a  transformation  of  the  integral  in  Eq.  (4.17) 
from  the  p,q-plane  to  the  k^,k2-plane  led  to  the  Jacobian 


J  = 


klk2 

aploT 


which  is  undefined  on  the  integration-region  boundary  q  =  0  in  the 
k  ,k  -plane  (Fig.  37).  Subsequent  integration  of  (4.17)  over  k0  re- 

1  a  4 


suited  in 


o"’Ol>  "  *P4  f  [24(kl'k20>  +  84(iVE20>] 


•  *<V  "‘k2>  Jt2  dki 


(A.l) 


Except  for  the  term  jq|  \  the  integrand  is  well-behaved  near  q  =  0 ; 
therefore,  integration  near  the  singularity  becomes 


§ 


£ 


K  — — 

q 


where  e.,  and 


e2  correspond  to  q  =  0, 


and  q  =  5q  or  -6q  on 


either  the  sum-  or  difference-mode  integration  contours  (Figs.  40  and 
41)  .  The  value  of  q  can  be  made  sufficiently  small  such  that  e2~el 
is  small  and  the  remainder  of  the  integrand  K  can  be  considered  con¬ 
stant.  From  the  definition 


^  =  \l(p  -  g)2  +  q2 
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it  follows  that 


dk 

_ 1  _  JL 

dq  “  k. 


or 


dk. 


_1  dq 


and,  therefore, 


K 


JL.  <*  J0 


dq 


■s/(p  -  p)2  +  q2 


which  integrates  to 


K  log 


r  r, — ^2 — si 6,1 

q  +  v(p  -  P)  +  q 

J  0 


Although  the  integrand  in  (A.l)  is  singular  at  q  =  0,  the  integral  is 
not  unles-'  p  =  p,  in  which  case, 


k!  =° 


kg  =  n/(  p  +  p)2  +  q2  =  2p 


and 


=  ±  n/2&  =  ±W 


In  reality,  however,  k^  can  never  be  zero;  therefore,  no  singularity 
can  exist  at  q  =  0  and  no  contribution  to  second-order  radar  cross 
section  occurs  at  the  first-order  Bragg  frequency. 


Appendix  B 

FOR  MQNOSTATIC  GRAZING  INCIDENCE 


First-order  incremental  radar  cross  section  as  defined  by 

V  =  f  ffw><Tl) 

-'—CO 

represents  the  power  contained  in  the  first-order  Bragg  lines  (see  Fig. 
42). 

For  a  monostatic  grazing-incidence  radar  geometry  (Fig.  3),  first- 

i 

order  incremental  radar  cross  section  per  unit  frequency  is  represented 
by 


<4v>(ll>  =  16,tP4[w<-2P»0>  8<ti  -  Wg)  +  w(2p,0)  S(tj  +  uB)j  (B.l) 

where  the  expanded  definition  of  the  ocean-wave  propagation  constant  k 

(Chapter  IV. C)  has  been  included  to  explain  negative  doppler  shifts. 

Arguments  of  the  spectral  terms,  w(k  ,k  )  in  (B.l),  specify  that  only 

x  y 

ocean  waves  propagating  directly  toward  or  away  from  the  radar  with 
propagation  constant  2(3  contribute  to  first-order  Bragg  lines  (Fig. 
77). 


Fig.  77.  OCEAN  WAVE  THAT  PRODUCES  BRAGG- 
LINE  POWER. 
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For  10  MHz  radar  frequency,  ocean  waves  contributing  to  the  Bragg 
line  have  a  frequency  of  2.02  rad /sec .  Figure  19  shows  that,  at  this 
frequency,  the  Pierson-Moskowitz  amplitude  spectrum  is  approximated  by 
the  Phillips  saturation  spectrum  for  wind  speeds  greater  than  20  knots ; 
calculations  of  0^.  (Fig.  78)  verifies  this  approximation  for  wind 
speeds  greater  than  10  knots.  For  this  reason,  the  Phillips  saturation 
amplitude  spectrum  is  considered  an  adequate  model  for  sample  calcula¬ 
tions  of  0^..  From  Table  1, 

2pe 

w<W  -  —4 

x  y  rtk 

2  2  2 

vfcere  (3  is  the  equilibrium  range  constant,  k  =  k  +k  ,  and  the 
©  x  y 

factor  of  4  difference  between  w(k  ,k  )  and  S(k  ,k  )  has  been  in- 

xF  y  xf  y 

eluded . 


WIND  SPEED  (knots) 


Fig.  78.  FIRST-ORDER  INCREMENTAL  RADAR  CROSS 
SECTION  FOR  A  PIERSON-MOSKOWITZ  WAVE -HEIGHT 
SPECTRUM.  This  plot  represents  either  semi¬ 
isotropic  or  cosine-squared  directional  dis¬ 
tributions  . 


Spectra  with  a  semi-isotropic  directional  dependence  (Fig.  20)  can 
cause  either  positive  or  negative  Bragg  lines  but  not  both;  therefore, 
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« 


a^tri)  =  16«p 


4  w(-2f3,0)  5(n  -  wB) 


w(2f},0)  5(t<  +  Ug) 


For  the  Phillips  semi-isotropic  directional  spectrum, 


o  „  „  4 

v =  16ltp 


H  • 


2B  a  0.02 

e 


and,  for  saturated  spectra  with  a  cos^  (0/2)  directional  dependence 
(Fig.  21), 


o  4 

v  -  16«e 


EL  H  ® + cos2  Ml = °-‘ 


There  is  some  question  as  to  the  validity  of  the  value  0.02  (-17  dB)  for 

at  grazing  incidence.  Derivations  leading  to  (B.l)  assume  an  inci¬ 
dent  field  E^  for  all  angles  of  incidence.  If  is  assumed  for 

nongrazing  incidence,  however,  then,  at  grazing  incidence,  the  total  in¬ 
cident  field  above  the  surface  is  2E^  and  -  -23  dB.  Because  sec¬ 

ond-order  results  are  based  on  the  same  fields  as  for  first-order  calcu¬ 
lations,  the  absolute  magnitude  of  0^.(1))  is  affected  by  the  change  to 
2F.^  but  the  ratio  of  first-  to  second-order  cross  sections  remains  the 
same.  The  value  of  -17  dB  is  maintained  here  for  consistency  with  the 
equations  presented;  however,  the  definition  of  incident  field  used  in 
their  derivation  must  be  kept  in  mind  when  comparing  theoretical  and 
measured  radar  cross  sections  at  grazing  incidence. 

2 

The  Phillips  spectrum  with  either  a  semi-isotropic  or  cos  (0/2) 
directional  dependence  yields  a  single  value  (-17  dB)  for  at  all 

wind  speeds  (above  cutoff)  and  directions,  but  the  Pierson-Moskowitz 
spectrum  yields  many  values  as  a  function  of  wind  speed  (Fig.  78)  for 
the  same  directional  distributions.  These  values  are  nearly  constant 
(within  3  dB),  however,  for  wind  speeds  greater  than  <s/g/2p  (9.41  knots 
at  a  radar  frequency  of  10  MHz ) . 
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Values  of  a^  for  the  Munk  spectrum  (Fig.  79)  vary  with  wind 
speed  and  direction  because  of  the  spread  factor  s.  Again,  these 
variations  are  small  for  higher  wind  speeds. 


Tig.  79.  FIRST-ORDER  INCREMENTAL  RADAR  CROSS  SECTION  FOR  A  MUNK 
I  WAVE-HEIGHT  SPECTRUM.  Wind  direction  is  the  angle  from  the  ra- 

I  dar  pointing  direction  (Fig.  53). 
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Appendix  C 

PLOTS  OP  INCREMENTAL  RADAR  CROSS  SECTION  FOR  OCEAN  SURFACES 


A  series  of  plots  of  0,_r(Ti)  •  w_  vs  q/co_  has  been  generated  for 

VV  DO  2 

the  Phillips  semi-isotropic,  Munk,  and  Pierson-Moskowitz  cos  (0/2) 

wave-height  spectra.  These  plots  were  calculated  for  wind  speeds  of  40, 
30,  20,  15,  and  10  knots,  and  for  wind  directions  (Fig.  80)  of  90°, 
112.5°,  135°,  157.5°,  and  180°  (Figs.  81-83).  Because  of  symmetry,  plots 
for  the  wind  directions  between  90“  and  0°  can  be  obtained  by  reversing 
the  positive-  and  negative-frequency  axes  ;  those  for  wind  directions  be¬ 
tween  0°  and  -180°  are  the  same  as  for  0°  to  180°.  The  radar  frequency 
is  10  MHz ;  however ,  Fig .  61  can  be  used  to  determine  other  frequencies 
and  wind  speeds  represented  by  these  plots.  For  the  Munk  spectrum,  e=0 
and  the  wind  speed  was  assumed  at  a  height  of  6.4  m. 
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Fig.  80.  WIND  DIRECTIONS. 


The  abscissa  of  each  plot  is  normalized  doppler  frequency  between 
-2.6  and  +2.6,  and  the  ordinate  is  a  logarithmic  scale  extending  from 
10  5  to  0.  The  height  of  the  Bragg  lines  represents 
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CONTINUED 


e .  10  knots 


Fig.  82 
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NORMALIZED  DOPPLER  SHIFT 


c.  20  knots  d.  15  knots 


Fig .  83 .  CONTINUED 


NORMALIZED  DOPPLER  SHIFT 


e.  10  knots 


Fig.  83.  CONTINUED 
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